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Abstract: Intuitionistic fuzzy sets were introduced by Atanassov in 1983 [1]. He defined Intu-
itionistic Fuzzy Modal Operators on IFSs. Intuitionistic fuzzy modal operators were separated
in three types called one-two-uni type modal operators on Intuitionistic Fuzzy Sets with the help
of some authors’ studies [3, 5]. A study named Matrix Representation of the Second Type of
Intuitionistic Fuzzy Modal Operators introduced in [4]. In this study, our purpose is to examine
some new algebraic properties of matrix representation sets of Intuitionistic Fuzzy Modal Opera-
tors which is a monoid with the matrix product and give the concept of generator in this algebraic
structure.
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1 Introduction

Fuzzy sets introduced by Zadeh [7] is an extension of crisp sets by expanding the truth value set
to real unit interval [0, 1]. Let X be a fixed set. Function 1 : X — [0, 1] is a fuzzy set over X.
FS(X) represents the class of fuzzy sets over X. For x € X, u(z) denotes the membership degree
of x and 1 — u(x) denotes the non-membership degree of . Intuitionistic fuzzy sets (IFSs) which
are an extension of fuzzy sets were introduced by Atanassov in 1983 [1]. The modal operators



are important tools for IFSs. The notion of Intuitionistic fuzzy operators was discussed in [2].
Many authors [3, 5] defined new Intuitionistic fuzzy operators and some of their properties were
studied. Matrix representation of Intuitionistic fuzzy modal operators was introduced in [4].
In this study, we use the matrix representation of Intuitionistic fuzzy modal operators which is
the generalization of the Intuitionistic fuzzy modal operators which are used. In all the studies
that have been published until now, none of the Intuitionistic fuzzy modal operators has been
determined yet. Another essential point is that the matrix representation of Intuitionistic fuzzy
modal operators will be the generalization of Intuitionistic fuzzy modal operators, which will be
introduced in the future. In this study, our purpose is to examine those algebraic properties, which
have not been investigated for the intuitionistic fuzzy modal operators.

Definition 1 [1]. Let L = [0, 1] then
L* = {(z1,m5) €[0,1]*: 2y + 25 < 1}

is a lattice with
(1, 22) < (y1,y2) = “z1 <y and x5 > Yo"

For (x1,41), (z2,y2) € L*, the operators A and V on (L*, <) are defined as follows:
(21,51) A (22,2) = (min(zy, 22), max(y1, y2)),
(@1, 41) V (22, 42) = (max (1, 22), min(ys, y2)).
Definition 2 [2]. An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A ={(z, pa(x),va(x)) - v € X}

where pa(x),(na : X — [0,1]) is called the “degree of membership of x in A”, va(x),
(va : X — [0,1]) is called the “degree of non-membership of x in A”, and where j14 and
v satisfy the following condition:

pa(z) +va(z) <1, forall x e X.
The hesitation, indeterminacy, or uncertainty degree of x is defined by:
ma(x) =1— pa(x) —va(z).

Definition 3 [2]. Let A € IFS and let A = {{(z, pa(x),va(x)) : x € X} then the following set is
called the complement of A

A = {{z,va(x), pa(z)) : x € X}.

Definition 4 [4]. Let for brevity (a; ;) denote a matrix with elements, denoted also by a and let
M;3y3(R) be the set of (3 x 3)-matrices with elements — real numbers.



Let X be a fixed set. Then €2 and I are defined as follows:
Q2 ={0 |06 :IFS(X) — IFS(X) is an IFMO}
I'={(a;;) : (a;;) € M3x3(R) & 0 < (max)(min){a1; + a1, a21 + agn} <1
&0 <az +az <1}
Definition 5 [4]. Let X be a set and A = {{(z, pa(x),va(x)) : x € X} € IFS(X).
The mapping ¢4 : ' — Q,
wa((aij)) = {(r, anpa(z) + anva(z) + a1, arapa(w) + agra(r) + as)

re X &0 < (max)(min){au + a2, Q91 + CLQQ} +az; +az < 1&0 <as +az < 1} .

After this, it is shown that the second type of IFMOs with matrices is as follows. Let a1, as1,
asi, G2, Ao, a3z € [—1, 1] satisfy the inequalities

0 S (max)(min){a11 + ai2, a1 + CLQQ} -+ asy + aso S 1

and
0§(I31+(I32 S 1.

Then

O(A) = {(z, a11pa(x) + ayva(x) + asi, ar2p0a(T) + agova(x) + agy) v € X}

ailr a1z
= | pa(z) va(z) 1 Q21 a22
asy as2
It is clear that for the present case, sets
ailr a2
My = {(aiy) : (ai;) € M3x2(R) & (aij) = | an ax |}
asy as2
and
ai; aip 0
My = {(aiy) : (ai;) € Msxs(R) & (aij) = | azn axn 0 |}
azyy asp 1

are equal. For brevity, in this paper, if ¢4 ((a;;)) = O, the following notation is used:

ayn a0
@ = 21 A922 0
as; asy 1



2 Algebra of intuitionistic fuzzy modal operators

The algebraic properties of intuitionistic fuzzy modal operators were studied in [4]. In addition,

in order to study the other algebraic properties of Intuitionistic fuzzy modal operators in an easy
way, we use the matrix representation of Intuitionistic fuzzy modal operators. In this section,
17T, 2T and UT represent respectively Type-1, Type-2 and Uni-Type modal operators. It can
easily be seen that the matrix product of 17" and 27" (27" and 17" )sometimes gives 17" or 27
For example;(1) B € 17 and G, € 2T > BHG,5 = Bs 55 € 1T (the matrix product),
(2) Gop € 2T and B € 1T > G,38 = Bﬂa g1 € 1T (the matrix product), B € 1T and
O e 2T > BO(0W) = Hi | € 2T (the matrix product) Also, it can be easily seen that the
matrix product of 17" and UT (UT and 17") or 27" and UT (UT and 2T') give Xy p cd.er Which
is the most generalized form of intuitionistic fuzzy modal operators. Now, we give the necessity
conditions to find which type of modal operators we want when two Intuitionistic fuzzy modal
operators are in matrix product.

Theorem 1. Let ¥ € 2T, then 3¢ € 1T > VP € 27T

Proof. LetV € 27T

S
I
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where: b, c,d, e, f,g € [0,1] and
(max) (min) (b+c,d+e)+ f+g€[0,1] & f+g€]0,1].

1. hyi, gk l,m € [0,1]
2. kc=ei
3. hd = bj
4. h <D
5. k<e
6.2f <1
b
7.E5g<m
8.l+m+(1—g)k+(1—f)%§1
9. (max) (min) (2d + ¢i,%j 4+ £¢) + 1 +m € [0,1]
b 0 0
0 Eooo
l=3f m—2tg9 1
(1) h,b € [0,1] and by using 4.: 0 < 2 <1
(2) k,e € [0,1] and by using 5.: 0 < £ <1
(3) f€[0,1] = 2fe[0,1]andbyusing6.:0<1—2f<1
(4)g€0,1] = %ge[0,1]andbyusing7.:0<m—%g <1
(5) 5=t



k h k k h
—+l—=f+m——g=l+m+(1—-—9g)———f
e b e e b

we can easily show the inequality below with the help of 6. and 7.

k
0 < —+l+m—-—m—1—g-
e e
h
kEh h
< l+m+(1—-—g)——=f+~+
b b
h
=l+m+ﬂ—m—+ﬂ—ﬂ5§1
h_k
sz
(6) b~™e
h h k h k
—4+1l—-= ——g=1 1—f)=——-
; bf+m =9 +m + ( f)b -9
we can write the following inequality with the help of 6. and 7.
h h
0 < Ezl—i—m—l—m—i-g
h k
< 1 1—f)———
+mt(1—f) 5 ——g
h k k
< l+m+(1—-f)-—-g+ -
b e e
k h
= l+m+(1-g)-+(1-/f); <1

From the results above, we get that:
(max) (2, 5)+1—-2f+m—£g€(0,1] = ®€1T

b ¢ 0 b 0 0
o = |d e 0 0 Eoo
S g1 =2 m—%g 1]
[ b% c% 0]
= d% e% 0
fi+l=5f getm—tg 1]
[ h c% 0
= |d% Kk 0] and with the help of 2. and 3.
| Lom 1
hoi 0
= |7 k O
I m 1
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(%) hyi, 7, k,l,m € [0,1]

(x%) h+i<j+k

h
0§j+k5+l+m:Ed~l—gi+l—l—m§1(using9.)

b. k
0§h+i+l+m:aj+—c+l+m§1(using9.)
e
(% % %) h+1>j5+k
: b. k .
O§h+z+l+m:aj+gc+l+m§1(usmg9.)

h
0§j+k+l+m23d+gi+l+m§1(using9.)
c

h
(% * %) 0§Ed+§z’+l+m§1:>0§l+m§1
c
From the results above, we get that: V¢ € 27T

Example 1. [fwe get W = [ and V¢ = H] | then

1 -1 0[5 00 5 —35 0
0 0 0[]0 3 0/=1]0 0 0
0 1 1|0 5 1 0 1 1

So we find that: & = H.
Theorem 2. Let © € 17T then IV € 2T > oV € 27

Proof. Let® € 1T,

where: «, 8,7, € [0,1] and (max) («, 5)
.bye,dye, f,g €10,1]

b+ ce<a

d+e<p

.§7+%(5§f

LSy +50<yg

6.6(b+c)=a(d+e)

T f g+ (1-0) (B2) +(1-7) (2) <1
8. (max) (min) (o, B) + f + g € [0, 1]

Ot = W N
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)

()

3)

“4)

)

(6)

)

D WL s

f_é

d, 3 € [0, 1] and by using 3.: 0 <

e, B € [0, 1]and by using 3.: 0 < ¢

b d
v€[0,1] = . andd € [0,1] = 55 € [0, 1] and by using 4.:

0<f-y_s<p<n
<17 F

v€[0,1] = 27 andd € [0,1] = %(5 € [0, 1] and by using 5.:

0§9-§7—%6§g§1
b c<d e
a a=B"3
d b d c e, o d e b+
B‘l——‘l'f—a’)/—g +g——’7—55 = f+g+(1 5)5-}-(1 5)ﬁ 7( 5
d b
= fa+ (-0 ()
and (max) (o, 5) +v+0€[0,1] = 7v4+0<1 = v<1-9§
From 6.
b+c d+e b+c d+e
e GBI [Ca
d b
= 0< (0= -9
d b b
< -+ ()
d b
= Q-
d b
< frat -9 -y) (D)<

)



and

b b d b d
et o= = fgh (1) Dk (1) i
b+ec d+e
= - (-5
and (max) (o, ) +v7+d6€[0,1] = 74+6<1 = §<1—7
From 6.
b+c d+e d+e b+c
e GO EIERI
b+c d+e
5 0= (s
b+ c d+e d+e
< (1= ) —( 3 )+ ( 3 )
b d
= Q- -0 ()
< frgr-n -9 <1
®) 4222
b ¢ d c e c d+e
atatl—ar g0+ 50 = Frot(l=2) 2+ (1=7) 3=
= Fror-) (CE) -5
From 6.
b+ c d+e d+e b+c
e GBI
b+ c d+e
SECERICE R
b+ c d+e d+e
< (1= ) — o 5 )+ ( 3 )
b d
= -9 a-0 (5
< frgra-nCESea-0 @Y <
and
d e b d c e. B g N b+c
B+B+f—57—55+9—57—55 = f+g9+(1 5%{H1 5h3’ﬂ o )
SRATANEDIC S B
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and (max) (o, 8) +7+0€[0,1] = 7+6<1 = 7<1-9¢
From 6.

b;—c _ d—ge:>7<b+c>§<1_5>(d+e>
> 0< (-5~ ()
< A-9() - G+ (1Y)
= =) ()
< Srgr - 1) (E <1

From the results above, we get that:
(max) (min) <§+§,%+%> +f—§7—%5+g—§7—%56 0,1] = ¥e2T

(3) é7%—§<5§fand£7—|-35§g
Q 15} Q@ 15}

— oggy+%5+§fy+%5§f+gand (max) (min) (a, 8) + f +g € [0, 1]

— 0< f+g<1
Now, let us prove that: PW¥ € 27

(@ 0 0 & < 0
U = |0 8 0 g 5 0
v 0 L | f2v—80 g-Sv—50 1
[ ozg at 0
= 85 B 0
V2 4084+ -2y —490 yE4+05+g— v —50 1
(b ¢ 0
= |d e O
fog 1

() b,c,d,e, f,g € [0,1]

(xx)b+c<d+e

0<d+e+f+g<B+[f+g<1(using38)
0<b4+c+f+g<a+f+g<1 (using8)

(xxx)b+c>d+e

We can easily satisfy the conditions by using (*)

(ra00) 0 [ g < frg+(1-0) (H2) +(1-7) () <1 = [+ge0,]]
From the results above, we can write that:

(max) (min) (b+c,d+e)+ f+g€[0,1] = dV¥ € 2T

14



Example 2. If we ger © = H and @V = H  then

1

20 0] |1 -1 0 1 =10
02 0/]0 0 0f=1]0 0 0
0 3 1|0 1 1 0 1 1

So, we find that: ¥ = [.
Theorem 3. Let &1, Py € 1T then &P, € 1T

Proof. Lets &, € 1T and @, € 17.

a 0 0
& =10 5 O
v o 1
where: «, 3,7,0 € [0, 1] and (max) (o, 5) + v+ d € [0,1] and

where: b, ¢,d, e € [0, 1] and (max) (b,c) +d+e € [0,1].
So:

o

hS)

(V)

I
=2 o Q2
—_— O O
QUL O
o o O

ST )

0
0
1
fyb—l—d 5c+e 1]

(1) a,be€[0,1] = abe|0,1]

(2) B,c€[0,1] = Pce0,1]and vy € [0, 1]

(3) (max) (b,c) +d+e€[0,1] = b+de|0,1]

— 0<W<hb = W+d<b+d<1 = ~b+de]0,1]
(4) (max) (b,c) +d+e€[0,1] = c+e€[0,1]andd € [0,1]
— 0<déc<c¢c = dct+e<c+e<1l = dc+eel01]
(5) ab < Be

Be+yb+d+dct+e=d+e+ (B+)c+b

By using: b, ¢, d, e, 8,7,0 € [0,1] and (max) (a, ) + v+ 0 € [0, 1]
— f+cel0,1]and (f+0)c<candyb <b
0<d+e+(+c+ryb<d+e+c+b<1

= (max) (ab, fc) +vb+d+dc+e € 0,1]

(6) ab > Be

ab+yb+d+dct+e=d+e+ (a+v)b+dc

15



By using: b, ¢, d,e,v,6 € [0,1] and (max) (o, ) +v + 0 € [0,1]
— y+d€0,1]and (¢ +v)b<banddc<c
0<d+e+(a+7)b+dc<d+e+b+c<1

= (max) (ab, fc) +vb+d+dc+e € 0,1]

From the results above, we find that: &9, € 17"

Example 3. B, B, 5, € 1T and B0, = Ba 5 5, .

Theorem 4. Let U, Vy € 2T then VW, € 2T

Proof. Let ¥y € 2T and ¥, € 27T

b ¢ 0
q/l:d60
g1

where: b, ¢, d, e, f, g € [0,1] and

(max) (min) (b+c,d+e)+ f+g€[0,1], f+g€[0,1].

\112:

S w8
S
_ o O

where: z,y, z,t,w,q € [0,1] and

(max) (min) (z+y,z+t)+w+qe€[0,1],w+q€[0,1].

So:
b ¢ o] [z y 0
\Ijl\IJQ = d e 0 z t 0
fog 1] |w g 1
[ ba+ ez by + ct 0
= dr + ez dy+et 0O
| fr+gzt+w fytgt+q 1

(1) By using: b, ¢, z, z € [0,1] and (max) (min) (b+¢,d+e) + f+ g € [0,1]
b+cel0,1]andbr <bjcz<c —= 0<br+cz = b+c<1

= br+cz€|0,]]
(2) By using: b, c,y,t € [0,1] and (max) (min) (b+c,d+¢) + f + g € [0,1]
b+cel0,1]andby <b,ct <c = 0<by+ct<b+c<1

— by +cte|0,1]
(3) By using: d, e, x, z € [0,1] and (max) (min) (b+c¢,d+e) + f+ g € [0,1]
d+ec0,]]anddr < djez<e — 0<dr+ez<d+e<1

= dr+ez€]0,1]
(4) By using: d, e, y,t € [0,1] and (max) (min) (b+c¢,d+¢e)+ f+ g € [0,1]
d+ec0,1]anddy < d,et <e = 0<dy+et<d+e<1

= dy+etel0,1]
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(5) By using: f, g, z,z,w € [0,1] and (max) (min) (x +y,z +t) + w+ ¢ € [0, 1]
r+z+wel0,l]and fr<z,92<z —= 0< fe+gz+w<z+z4+w<1

= fr+gz+we|0,1]
(6) By using: f,g,y,t,q € [0,1] and (max) (min) (x +y,z +t) +w +q € [0, 1]
y+t+qgel0,1]and fy<y,gt <t = 0< fy+gt+q<y+t+q<

— fy+gt+qe|0,1]
(7) By using fo+gz+w € [0,1], fy+gt+q € [0,1] and (max) (min) (z + y, z + t)+w+q €

0,1

r+yel0,1]andz+te[0,1]and f (z+y) <z +y,g(z+1t) <z+t

0 < fr4+gz+w+ fy+g9t+q

= fe+y)+9Gz+t)+w+g<z+y+z+t+w+qg<1
= fr+gz+w+ fy+gt+qel0,1]

To prove that:

(max) (min) (bx 4+ cz + by + ct,dx + ez + dy + et) + fx + gz +w + fy+ gt + q € [0,1]
(8) bz +cz+ by +ct < dx+ez+dy+et

By using: (max) (min) (b+c¢,d+e)+ f+g€[0,1] = d+ f€[0,1]ande+ g € [0, 1]
and (d+ f)(z+y)<z+yand(e+g)(z+1t) < z+t

and (max) (min) (v +y, 2 +t) +w+q € [0, 1]

0 < dv4ez+dy+et+ fr+gz+w+ fy+gt+gq
= dx+y)tez+t)+flx4+y) +g(z+t)+w+q
= (d+f)lz+y) +letg)(z+t)+w+gqg
< z4y+zt+t+w+qel0,1]

So, (max) (bx + cz+ by + ct,dv + ez +dy+et) + fr+gz+w+ fy+gt+q € [0,1]
(max) (min) (b+c¢,d+e)+ f+g€[0,1] = b+ f€[0,1]and c+ g € [0,1]

and (b+ f)(z+y) <z+vy,(c+g)(z2+t) <z+tand

(max) (min) (z +y,z +t) + w+ ¢ € [0, 1]

0 < brvtezt+by+ct+frt+gzt+w+ fy+gt+g
= blx+y)+tcz+t)+fz+y)+g9(z+t)+w+gq
= b+f)z4+y)+(c+g)(z+t)+w+q
< z4+y+z+t+w+qg<l1

So, (min) (bx + cz + by + ct,de + ez +dy+et) + fr+gz+w+ fy+ gt +q € [0,1]
(9)bx +cz+by+ct <dv+ez+dy+et

to prove conditions for conditions above, we follow the same way of (8)

All results proved above show us that: ¥V, € 27" ]
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Example 4. F,, 3, O € 2T and F,, 50 = D1_p

Corollary 1. Let N € {1,2,U}. IfQ,% € NT, then QY € NT.
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