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1 Introduction and Preliminaries

The fundamental concept of fuzzy sets in a set was first introduced by Zadeh [34] in 1965. The
fuzzy set theories developed by Zadeh and others have found many applications in the domain of
mathematics and elsewhere.

After the introduction of the concept of fuzzy sets by Zadeh [34], several researches were
conducted on the generalizations of the notion of fuzzy sets and application to many algebraic
structures such as: In 1971, Rosenfeld [23] was the first who studied fuzzy sets in the structure of
groups. Fuzzy semigroups have been first considered by Kuroki [18, 19, 20], and fuzzy ordered
groupoids and ordered semigroups, by Kehayopulu and Tsingelis [10, 11]. In 2007, Kehayop-
ulu and Tsingelis [12] characterized the Green’s relations R, £, Z of ordered groupoids in terms
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of fuzzy subsets. In 2008, Zhan and Ma [35] studied fuzzy interior ideals in semigroups. In
2009, Majumder and Sardar [22] studied fuzzy ideals and fuzzy ideal extensions in ordered semi-
groups. Prince Williams, Latha and Chandrasekeran [33] studied fuzzy bi-ideals in I'-semigroups.
In 2010, Chinram and Saelee [6] studied fuzzy ternary subsemigroups (left ideals, right ideals,
lateral ideals, ideals) and fuzzy left filters (right filters, lateral filters, filters) of ordered ternary
semigroups. Iampan [8] characterized the relationship between the fuzzy ordered ideals (fuzzy
ordered filters) and the characteristic mappings of fuzzy ordered ideals (fuzzy ordered filters) in
ordered I'-semigroups. In 2012, Sardar, Davvaz, Majumder and Kayal [26] studied the gener-
alized fuzzy interior ideals in I'-semigroups. In 2013, Khan, Sarmin and Khan [13] introduced
(A, 0)-fuzzy bi ['-ideal of ordered I'-semigroups.

The idea of intuitionistic fuzzy sets was first published by Atanassov in his pioneer papers
[3, 4], as generalization of the notion of fuzzy sets. In2001, Kim and Jun [14] introduced the
notion of intuitionistic fuzzy interior ideals of semigroups and some fundamental properties were
investigated. In 2002, Kim and Jun [15] introduced the notion of intuitionistic fuzzy ideals of
semigroups and some basic properties have been investigated. In 2005, Kim and Lee [16] initiated
the concept of intuitionistic fuzzy bi-ideals of semigroups and obtained some useful properties.
In 2007, Hong, Xu and Fang [7] characterized the completely regular and the strongly regular
ordered semigroups by means of intuitionistic fuzzy bi-ideals. In 2011, Sardar, Mandal and
Majumder [28] characterized some relations between the intuitionistic fuzzy ideals and the set of
all intuitionistic fuzzy points of semigroups. In 2012, Akram [1] studied the intuitionistic fuzzy
sets in ternary semigroups and the corresponding sets of intuitionistic fuzzy points.

The concept of ['-semigroups, a generalization of both the concepts of semigroups and ternary
semigroups, was introduced by Sen [29] and the concept of ordered I'-semigroups was introduced
by Sen and Seth [31]. For examples of I'-semigroups and ordered I'-semigroups, see [24, 25, 30].

Several researches were conducted on the intuitionistic fuzzy sets in I'-semigroups and in
ordered I'-semigroups such as: In 2007, Uckun, Oztiirk and Jun [32] introduced the notion of
intuitionistic fuzzy I'-ideals in I"-semigroups. In 2011, Sardar, Majumder and Mandal [27] intro-
duced the concept of intuitionistic fuzzy prime, semiprime ideal and also intuitionistic fuzzy ideal
extensions in I'-semigroups. In 2012, Lekkoksung [21] defined intuitionistic fuzzy bi-I'-ideals of
['-semigroups.

In 2013, Akram [2] introduced the notion of prime, semiprime, strongly prime, irreducible
and strongly irreducible intuitionistic fuzzy bi-I"-ideals in I'-semigroups and investigated some of
the properties related to these I'-ideals. In 2014, Kanlaya and Iampan [9] studied the coincidences
of fuzzy generalized bi-ideals, fuzzy bi-ideals, fuzzy interior ideals and fuzzy ideals in regular,
left regular, right regular, intra-regular, semisimple ordered ['-semigroups.

The intuitionistic fuzzification of the concept of several ideals play an important role in study-
ing the structure of in I'-semigroups and in ordered I'-semigroups.

Therefore, we will find some relations between the intuitionistic fuzzy ideals and the set
of all intuitionistic fuzzy points of ordered I'-semigroups, and investigate some properties of
intuitionistic fuzzification of the concept of several ideals in term of characteristic mappings.

Before going to prove the main results we need the following definitions that we use later.
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Definition 1.1. Let M and I" be any two nonempty sets. Then (M, T) is called a I'-semigroup
[29] if there exists a mapping M x [' x M — M, written as (a,7,b) — ayb, satisfying the
following identity (aab)fBc = aa(bfc) for all a,b,c € M and «, B € T". A nonempty subset K
of M is called a I'-subsemigroup of M if ayb € K foralla,b € K and~vy €T,

For subsets A and B of a I'-semigroup (M, I") and IV of I, let AT"B := {avb | a € A,b€ B
and v € I"}. If A = {a}, then we also write {a}I"B as al"B, and similarly if B = {b} or
"= {7}

Definition 1.2. A partially ordered I'-semigroup (M, I, <) is called an ordered T'-semigroup [31]
if for any a,b,c € M and v € I', a < b implies ayc < byc and c¢ya < cvyb. For convenience,
we simply write M instead of an ordered I"-semigroup (M, T", <). An ordered I'-semigroup M is
called an anti-chain [17] if for any a,b € M, a < b implies a = 0.

Definition 1.3. Let M be an ordered I"-semigroup. For A C M, we define (A] :={t e M |t < a
for some a € A}.

Definition 1.4. Let M be an ordered ['-semigroup. A nonempty subset A of M is called a left
(resp. right) I'-ideal of M if (1) MT A C A (resp. ATM C A), and (2) (A] C A. A nonempty
subset A of M is called a I'-ideal (some authors called a two-sided I'-ideal) of M if it is both a
left T'-ideal and a right T'-ideal of M. That s, (1) MT' A C A and ATM C A, and (2) (A] C A.

Definition 1.5. Let M be an ordered I'-semigroup. A I'-subsemigroup A of M is called an
interior I'-ideal of M if (1) MTUATM C A, and (2) (A] C A. A I'-subsemigroup A of M is
called a bi-I"-ideal of M if (1) ATMT A C A, and (2) (4] C A.

Definition 1.6. Let M be an ordered I'-semigroup. A I'-ideal A of M is called a semiprime
I'-ideal of M if forany x € M and v € I, zyx € A implies x € A. A I'-ideal A of M is called a
prime I'-ideal of M if forany z,y € M andy € I', xyy € Aimpliesz € Aory € A.

Definition 1.7. A fuzzy subset [34] of a nonempty set X (or a fuzzy set in a nonempty set X) is
an arbitrary mapping p: X — [0, 1] where [0, 1] is the unit segment of the real line. The mapping
7i: X — [0, 1] defined via fi(z) = 1 — p(z) is a fuzzy subset of X called the complement of 11 in
X.

Definition 1.8. Let X be a set and A C X. The characteristic mapping f1: X — [0, 1] defined

via
1 ifzeA,

T Jalw) ::{ 0 ifrd A

By the definition of characteristic mapping, f4 is a mapping of X into {0, 1} C [0, 1]. Hence, fa
is a fuzzy subset of X.

Definition 1.9. Let M be an ordered I'-semigroup. A nonempty fuzzy subset f of M is called
a fuzzy I'-subsemigroup of M if for any z,y € M and v € T\, f(zyy) > min{f(x), f(y)}.

A nonempty fuzzy subset f of M is called a fuzzy left (resp. right) I'-ideal of M if (1) for any
z,y € M,z < yimplies f(z) > f(y), and (2) f(zyy) > f(y) (esp. f(xzyy) > f(x)) for all
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x,y € M and v € T". A nonempty fuzzy subset f of M is called a fuzzy I'-ideal (some authors
called a fuzzy two-sided I'-ideal) of M 1if it is both a fuzzy left I'-ideal and a fuzzy right I'-ideal
of M. That is, (1) for any z,y € M,z < y implies f(x) > f(y), and (2) f(zvy) > f(y) and
f(zyy) > f(x) forall z,y € M and v € T

Definition 1.10. Let M be an ordered I'-semigroup. A fuzzy ['-subsemigroup f of M is called
a fuzzy interior U'-ideal of M if (1) for any x,y € M,z < y implies f(z) > f(y), and (2)
flzayBz) > f(y) forall x,y,z € M and o, € T'. A fuzzy I'-subsemigroup f of M is
called a fuzzy bi-I'-ideal of M if (1) for any z,y € M,x < y implies f(z) > f(y), and (2)
f(zaypBz) > min{f(z), f(z)} forall z,y,2 € M and v, 5 € T'.

Definition 1.11. Let M be an ordered ['-semigroup. M is called regular if for each a € M, there
existx € M and a, # € I" such that a < aaz[a. M is called left (resp. right) regular if for each
a € M, there exist t € M and «, § € I" such that a < xaafa (resp. a < aaafx). M is called
intra-regular if for each a € M, there exist x,y € M and «, 3, € I such that a < zaafavyy.
M 1is called semisimple if for each a € M, there exist x,b,y € M and v, «, 3,0 € T such that
a < zyaabfady.

Definition 1.12. An intuitionistic fuzzy set (briefly, IFS) [3] A in a nonempty set X is an object
having the form, A = {(x,ua(z), Aa(x)) | * € X}, where the functions, pa: X — [0, 1]
and A\4: X — [0,1] denotes the degree of membership and the degree of nonmembership,
respectively, and 0 < pa(x) + Aa(z) < 1 for all z € X. An intuitionistic fuzzy set
A={(x,pa(x), a(z)) | € X} in X can be identified by an ordered pair (114, A4) in IX x 1%
where I = [0, 1]. For simplicity, we shall use IFS for intuitionistic fuzzy set and A = (4, Aa)
for IFS A = {(z, pa(x), Aa(z)) | x € X}, and let IF'S(M) be the set of all intuitionistic fuzzy
subsets of an ordered I'-semigroup M.

For examples of intuitionistic fuzzy sets, see [14, 2].

Definition 1.13. Let ¢ be a point of a nonempty set X and leta € (0,1] and b € [0, 1) be two real
numbers such that a + b < 1. Then an intuitionistic fuzzy point [5] written as c(, ) is defined to
be an intuitionistic fuzzy subset of X, given by

o () = (a,b) ifx=c,
(a,b)( ) { (

0,1) otherwise.

Definition 1.14. Let M be an ordered I'-semigroup. An IFS A = (ua,Aa) in M is called
an intuitionistic fuzzy U-subsemigroup [32] of M if (1) pa(zyy) > min{pa(z), pa(y)} for all
x,y € M and vy € T', and (2) A a(2zyy) < max{Aa(z), \a(y)} forall z,y € M andy € I'. An
IFS A = (114, A4) in M is called an intuitionistic fuzzy left (resp. right) I'-ideal [32] of M if (1)
forany z,y € M,z < yimplies pa(z) = pa(y) and Aa(z) < Aa(y), @) pa(zvy) = pay)
(resp. pa(zyy) > pa(z)) for all x;y € M and v € I, and (3) Aa(zyy) < Aa(y) (resp.
Aa(zyy) < Aa(x)) forall z,y € M andy € I'. AnIFS A = (a4, A4) in M is called an
intuitionistic fuzzy I'-ideal [32] (some authors called an intuitionistic fuzzy two-sided I'-ideal) of

M if it is both an intuitionistic fuzzy left I'-ideal and an intuitionistic fuzzy right I'-ideal of M.
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That is, (1) for any z,y € M,z < y implies pa(x) > pa(y) and Aa(xz) < Aa(y), (2)
pa(xyy) > pa(y) and pa(zyy) > pa(x) forall z,y € M and v € T', and (3) Aa(zyy) < Aa(y)
and A\ s (zyy) < Aa(x) forall z,y € M and vy € T

Definition 1.15. Let M be an ordered I'-semigroup. An intuitionistic fuzzy I'-subsemigroup
A = (pa,Aa) in M is called an intuitionistic fuzzy interior T'-ideal [32] of M if (1) for any
x,y € M,z < yimplies pa(x) > pa(y) and Aa(x) < Aa(y), ) pa(zayBz) > pa(y) for all
x,y,z € M and o, 8 € T', and (3) Aa(zayBz) < Ma(y) forall z,y,z € M and o, f € T

An intuitionistic fuzzy I'-subsemigroup A = (ua,Aa) in M is called an intuitionistic fuzzy
bi-T-ideal [32] of M if (1) for any =,y € M,z <y implies ua(z) > pa(y) and Aa(z) < Aa(y),
(2) pa(xayBz) > min{pa(z), pa(z)} forall x,y,2 € M and o, § € T', and (3) Ma(zayfz) <
max{Aa(z), \a(z)} forall z,y,z € M and o, B € T

Remark 1.16. It is clear that every intuitionistic fuzzy I'-ideal of an ordered I'-semigroup M is
an intuitionistic fuzzy interior I'-ideal of M, and every intuitionistic fuzzy I'-ideal of an ordered
I'-semigroup M is an intuitionistic fuzzy bi-I'-ideal of M.

Definition 1.17. Let M be an ordered I'-semigroup. An intuitionistic fuzzy I'-ideal A = (14, Aa)
in M is called an intuitionistic fuzzy semiprime T-ideal of M if (1) pa(x) > pa(xyz) for all
x € Mandy €I, and (2) Aa(x) < Aa(zyz) forall z € M and v € I'. An intuitionistic fuzzy
[-ideal A = (14, A4) in M is called an intuitionistic fuzzy prime I'-ideal of M if (1) pa(zyy) =
max{pa(x), pa(y)} forall z,y € M and vy € T, and (2) Aa(xyy) = min{A4(z), Aa(y)} for all
r,y € Mandy el

Remark 1.18. It is clear that every intuitionistic fuzzy prime I'-ideal of an ordered I'-semigroup
M is an intuitionistic fuzzy semiprime ['-ideal of M.

2 Relation between intuitionistic fuzzification of the concept
of several ideals and characteristic mappings

In this section, we find the relation between intuitionistic fuzzification of the concept of several
ideals and characteristic mappings of ordered I'-semigroups.

Proposition 2.1. [8] Let M be an ordered T'-semigroup and ) # K C M. Then K is a
[-subsemigroup of M if and only if the fuzzy subset i is a fuzzy I'-subsemigroup of M.

Proposition 2.2. [8] Let M be an ordered T'-semigroup and ) # L C M. Then L is a left
(resp. right, two-sided) I'-ideal of M if and only if the fuzzy subset fi is a fuzzy left (resp. right,
two-sided) I'-ideal of M.

Proposition 2.3. [9] Let M be an ordered I'-semigroup and ) # A C M. Then A is an interior
[-ideal of M if and only if the fuzzy subset f 4 is a fuzzy interior I'-ideal of M.

Proposition 2.4. [9] Let M be an ordered I'-semigroup and () # A C M. Then A is a bi-I'-ideal
of M if and only if the fuzzy subset f 4 is a fuzzy bi-I'-ideal of M.

28



Proposition 2.5. Let M be an ordered I'-semigroup and let f4 be the characteristic mapping of
a nonempty subset A of M. Then the following statements are equivalent.

(i) Ais a'-subsemigroup of M.
(ii) (fa, fa) is an intuitionistic fuzzy T-subsemigroup of M.

Proof. Assume that A is a ['-subsemigroup of M. Clearly, fo: M — [0,1] and fa: M —
[0,1]. For x € M, we have fa(z) + fa(z) = fa(x) + 1 — fa(z) = 1. Thus 0 < fu(x) +
fa(z) < 1,50 (fa, fa) is an intuitionistic fuzzy subset of M. We shall show that (f4, f4) is an
intuitionistic fuzzy I'-subsemigroup of M. By Proposition 2.1, we have for any =,y € M and
v €T, fa(zyy) > min{fa(z), fa(y)}. Thus fa(zyy) < max{fa(z), fa(y)}. Hence, (fa, fa)
is an intuitionistic fuzzy I'-subsemigroup of M.

Conversely, assume that (f4, f4) is an intuitionistic fuzzy I'-subsemigroup of M. Then f, is
a fuzzy I'-subsemigroup of M. By Proposition 2.1, we have A is a I'-subsemigroup of M. ]

Proposition 2.6. Let M be an ordered I'-semigroup and let f4 be the characteristic mapping of

a nonempty subset A of M. Then the following statements are equivalent.
(i) Ais a left (resp. right, two-sided) I'-ideal of M.
(ii) (fa, fa) is an intuitionistic fuzzy left (resp. right, two-sided) T-ideal of M.

Proof. Assume that A is a left I'-ideal of M. Clearly, f4: M — [0,1] and f4: M — [0, 1]. For
x € M, we have fa(z) + fa(z) = fa(z) +1— fa(x) = 1. Thus 0 < fa(x) + fa(z) < 1,50
(fa, fa) is an intuitionistic fuzzy subset of M. We shall show that (f4, f4) is an intuitionistic
fuzzy left I'-ideal of M. By Proposition 2.2, we have (1) for any z,y € M,z < y implies
fa(x) > faly), and (2) fa(xyy) > fa(y) for all z,y € M and v € T'. Thus (1) for any
r,y € M,x < yimplies fa(x) < fa(y), and (2) fa(zyy) < fa(y) forall z,y € M and v € T.
Hence, (f4, f4) is an intuitionistic fuzzy left T'-ideal of M.

Conversely, assume that (f4, f4) is an intuitionistic fuzzy left I'-ideal of M. Then f, is a
fuzzy left '-ideal of M. By Proposition 2.2, we have A is a left I'-ideal of M. [

Proposition 2.7. Let M be an ordered I'-semigroup and let f4 be the characteristic mapping of
a nonempty subset A of M. Then the following statements are equivalent.

(i) A is an interior I'-ideal of M.
(ii) (fa, fa) is an intuitionistic fuzzy interior T'-ideal of M.

Proof. Assume that A is an interior I'-ideal of M. Clearly, f4: M — [0,1] and f4: M — [0, 1].
For v € M, we have f4(x) + fa(z) = fa(x) +1— fa(z) = 1. Thus 0 < fa(x) + fa(x) < 1,
50 (fa, fa) is an intuitionistic fuzzy subset of M. We shall show that ( f4, f4) is an intuitionistic
fuzzy interior I'-ideal of M. By Proposition 2.3, we have (1) fa(xyy) > min{fa(x), fa(y)}
for all z,y € M and v € I', (2) for any z,y € M,z < y implies fa(z) > fa(y), and (3)
fa(zayBz) > faly) forall x,y, 2 € M and o, 8 € T. Thus (1) fa(zyy) < max{fa(z), fa(y)}
forall z,y € M and v € T, (2) for any z,y € M,z < y implies fa(z) < fa(y), and (3)
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fa(rayBz) < faly) forall z,y, 2 € M and o, B € T. Hence, (f4, f4) is an intuitionistic fuzzy
interior ['-ideal of M.

Conversely, assume that (f,, f4) is an intuitionistic fuzzy interior I'-ideal of M. Then f, is a
fuzzy interior I'-ideal of M. By Proposition 2.3, we have A is an interior I'-ideal of M. ]

Proposition 2.8. Let M be an ordered I'-semigroup and let f4 be the characteristic mapping of
a nonempty subset A of M. Then the following statements are equivalent.

(i) Ais a bi-I'-ideal of M.
(ii) (fa, fa) is an intuitionistic fuzzy bi-T-ideal of M.

Proof. Assume that A is a bi-I'-ideal of M. Clearly, f4: M — [0,1] and f4: M — [0, 1]. For
x € M, we have f4(x) + fa(z) = fa(z) +1 — fa(x) = 1. Thus 0 < fa(z) + falx) < 1,
50 (fa, f4) is an intuitionistic fuzzy subset of M. We shall show that (f4, f4) is an intuition-
istic fuzzy bi-I'-ideal of M. By Proposition 2.4, we have (1) fa(zyy) > min{fa(x), fa(y)}
forall z,y € M and v € T', (2) for any z,y € M,z < y implies fa(z) > fa(y), and (3)
falwayBz) > min{fa(x), fa(z)} for all 2,5,z € M and o, 3 € T. Thus (1) fa(zyy) <
max{ fa(z), fa(y)} forall z,y € M and y € T, (2) for any z,y € M,z < y implies f4(z) <
fa(y), and (3) fa(zayBz) < max{fa(x), fa(z)} for all z,y,z € M and a, 3 € I'. Hence,
(fa, fa) is an intuitionistic fuzzy bi-I'-ideal of M.

Conversely, assume that (f4, f4) is an intuitionistic fuzzy bi-I'-ideal of M. Then f is a fuzzy
bi-I"-ideal of M. By Proposition 2.4, we have A is a bi-I"-ideal of M. [

Lemma 2.9. Let M be an ordered I'-semigroup and let { A; };c1 be a family of intuitionistic fuzzy

[-subsemigroups of M. Then (| A; is an intuitionistic fuzzy U-subsemigroup of M, provided it is
iel
nonempty.

Proof. Clearly, (| A; € IFS(M). Letx,y € M and v € I'. Then pu4,(xyy) > min{ua,(x),
iel
pa,(y)} foralli € I and Ag, (2yy) < max{A4,(x),Aa,(y)} forall i € I. Thus

/\ KA, (xvy) = ilflf{MAi (x’Yy)}ieI > inf{min{uAi (x), MAi(y)}}ieI =

i it () her o (o) etk = mind A g (). A\ e )}
and
\G/I A (27y) = sup{Aa, (z7y) bier < sup{max{Aa, (z), Aa, ()} }ier =
max{sup{ A, (z) }icr, sup{Aa, (v) }icr } = max{i\e/l g, (), z\e/l Aa, (y)}
Hence, (] A; is an intuitionistic fuzzy I'-subsemigroup of M. ]

iel
Lemma 2.10. Let M be an ordered I'-semigroup and let { A;};c1 be a family of intuitionistic fuzzy

left (resp. right, two-sided) T'-ideals of M. Then (| A; is an intuitionistic fuzzy left (resp. right,
iel
two-sided) I'-ideal of M, provided it is nonempty.
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Proof. Clearly, (1 A; € IFS(M). Let x,y € M be such that x < y. Then pa,(z) > pa,(y)

iel
for all i € [ and Ay, () < Mg, (y) for all i € I. Thus A pa,(x) = inf{ua,(x)}ier >
iel
inf{pa,(y)yier = A pa(y) and V Aa () = sup{A4, () bier < sup{Aa,(y)}ier = V Aaly).
1€ 1€ 1€

Let z,y € M and v € I". Then pa,(xyy) > pa,(y) forall i € I and Ay, (zyy) < Aa,(y) for all
v € I. Thus

A pa,(xvy) = inf{pa, (xyy) ier > inf{pa, (Y) tier = A pa, ()

i€l i€l
and
V A (27y) = sup{Aa, (279) bier < sup{Aa, () }ier = V A, (y).
iel i€l
Hence, () A; is an intuitionistic fuzzy left I'-ideal of M. U

el
Lemma 2.11. Let M be an ordered I'-semigroup and let { A; }ic1 be a family of intuitionistic fuzzy
interior I'-ideals of M. Then () A; is an intuitionistic fuzzy interior U-ideal of M, provided it is

iel
nonempty.

Proof. By Lemma 2.9, () 4; is an intuitionistic fuzzy I"-subsemigroup of M. Let x,y € M be

such that x < y. Then ;Z(x) > pa,(y) forall i € I and A4, (z) < Ay, (y) forall ¢ € I. Thus

A pa(x) = inf{pa, (@) }ier = inf{pa,(y) ier = A pa,(y) and V Ay, (@) = sup{As, (2) bier <

Zseulp{)\Ai (y) }ier = \/I/\Ai(y). Letz,y,z € M andzeci,ﬂ el. Thelrell,uAi (xayBz) > pa,(y) for all
ic

i€ Iand \g,(zayBz) < A4, (y) foralli € I. Thus

A pa(zayBz) = inf{pa, (vayBz) bier > inf{pa, (y) bier = A pa,(y)

el el
and
V As,(zayBz) = sup{ A4, (rayBz) bier < sup{Aa,(y) }ier = V A, (y).
il iel
Hence, (] A; is an intuitionistic fuzzy interior I'-ideal of M. ]

iel
Lemma 2.12. Let M be an ordered I'-semigroup and let { A; }ic1 be a family of intuitionistic fuzzy
bi-I'-ideals of M. Then ZDI A; is an intuitionistic fuzzy bi-I'-ideal of M, provided it is nonempty.
Proof. By Lemma 2.9, ﬂ A; is an intuitionistic fuzzy I'-subsemigroup of M. Let z,y € M be
such that z < y. Then i;(x) > g, (y) forall i € I and Ay, (z) < Ay, (y) forall i € I. Thus
/\ pra; (z) = inf{pa, () bier > inf{pa,(y) bier = /\ fta,(y) and \/ Aa; () = sup{Aq, (@) bier <
ZSfle{AAi(y)}iej = \/I)\Ai(y). Letx,y,z € M an(ieolz,ﬂ erl. Th;[uAi (xaypfz) > min{ua,(x),
i€

ta,(2)} foralli € I and Ay, (zayBz) < max{A4,(z),Aa,(z)} foralli € I. Thus

N by (wayBz) = inf{pa, (vayfz) bier > nf{min{pa, (z), pa,(2)} hier =

icl

min{inf{ﬂAi (x)}ielu iﬂf{ﬂAi(z)}z’el} = min{/\ A, (Z‘), /\ :uAi<Z>}

el i€l
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and

l/IAAi(xayBZ) = sup{ A4, (zayfz) bier < sup{max{A4, (), Aa,(2)} bier =
max{sup{A4, () bier, sup{Aa, (2) Yier} = max{ V Aa; (), V A, (2)}-

el el

Hence, () A; is an intuitionistic fuzzy bi-I"-ideal of M. U
el

3 Main Results

Let M be an ordered I'-semigroup. Then for any two intuitionistic fuzzy subsets A = (1, Aa)
and B = (up,Ag) of M and v € I', we define the order relation “C” as follows: A C B
if and only if ua < pp and Ay > Ap where pua < pp if and only if ps(z) < pp(z)
for all z € M, and \y > Ap if and only if A\s(z) > Ag(x) for all z € M. The union
A U B and intersection A N B are intuitionistic fuzzy subsets defined as follows: AU B =
{(z, max{pa(r), pp(z)}, min{Aa(z), Ap(2)}) | € M}, and ANB = {(z, min{pa(z), pp(r)},
max{A\(z), Ag(x)}) | x € M}. Also, the product AyB is an intuitionistic fuzzy subsets defined
as follows: AyB = {(x, ptayp(z), Aays(x)) | © € M} where

(2) = SUP,—gpimin{pa(a), up(b)}} if z is expressible as x = ayb,
HaBE = g otherwise

and
inf,_op{max{As(a), A\p(b)}} 1if x is expressible as x = a7,

A —
AvB (z) { 0 otherwise.

It is easy to verify that (I F'S(M),T", C) is an ordered I'-semigroup.
If {A;};c; is a family of intuitionistic fuzzy subsets of M, then their intersection
N A = {(z, \ pa,(x),VV Aa,(z)) | * € M} is an intuitionistic fuzzy subset of M where

iel iel iel

A pa(x) = inf{pia, (2) bier and 'V Ay, (2) = sup{Aa, (2) bier-

< Now, let M be the set of all ilrftjuitionistic fuzzy points of an ordered I'-semigroup M. Then
clearly M is a I'-subsemigroup of IF'S(M), as for any &(ap), Y(c,a), 2(e,r) € M and o, 3,y € T,
we have Z(q 1) VY(c.d) = (ZVY) (anchva) € M where a A ¢ = min{a, c} and bV d = max{b, d}, and
(Z(a,0)QY(c,d)) BZ(e.f) = Tiap)(Yied)B2e,p))- I A = (14, Aa) is an intuitionistic fuzzy subset of
M, then A denotes the set of all intuitionistic fuzzy points contained in A [5], i.e. an intuitionistic
fuzzy point z(, ) is said to be contained in A if (5 C A. Thatis, A = {x ) € M | pa(z) > a
and A4 (z) < b}.

Proposition 3.1. Let M be an ordered I'-semigroup and let A = (jia, Aa) and B = (up, A\g) be
two intuitionistic fuzzy subsets of M. Then the following statements hold.

(i) AUBD AUB.
(i) ANB = AnNB.

(iii) AvB D A~vB forall v € T.
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Proof. (1) For x(,) € M, we have

Tap) € AUB & paup(e) > aand Ayup(z) < b

max{pa(z), up(x)} > aand min{Aa(z), \p(y)} < b
(na(x) > aorpup(x) > a)and (Aa(x) < bor Ap(y) < b)
(a(x) > aand Ag(z) < b)or (ug(x) > aand Ag(y) < b)
T(ap) € AOTT(qp) € B

Ty € AUB.

1 A A

Hence, AUB C AU B.
(i1) For w () € M, we have

Tap €EANB & panp(r) > aand Ayqp(z) < b

min{pa(z), pp(x)} > aand max{Aa(z), \g(y)} <b
(a(x) > aand pp(x) > a) and (Aa(x) < band Ag(y) < b)
(a(x) > aand Ag(z) < b) and (up(x) > aand Ag(y) < b)
Ty € Aand x(qp) € B

Ty € ANDB.

i

<
>

Tttt

Hence, ANB = AN B.

(iii) For 2(qp) € A, Y(ca) € B and vy € T', we have 2(a.)7Y(c.d) = (27Y) (ancpva) and (pa(z) > a
and As(z) < b) and (up(y) > c and Ap(y) < d). Thus (pua(x)
(Aa(z) < band A\g(y) < d). This implies that min{us(z), us(y)}
Ag(y)} < bV d. Consider

> a and pp(y) > c) and
> a A ¢ and max{A4(z),

(279) SUP,y—apimin{pa(a), pp(b)}}  if 27y is expressible as zyy = ayb,
- —
HaBIETY 0 otherwise

sup {min{ua(a), up(b)}} if xyy is expressible as vy = ayb
ryy=ayb

min{pa(z), us(y)}
alc

ALY,

and

inf,,—ap{max{Aa(a), \g(b)}} if xyy is expressible as zyy = a~b,
Aayp(27Y)

0 otherwise

= inf b{max{)\A(a), Ap(b)}}if vy is expressible as xyy = ayb

Tyy=ay
max{Aa(z), As(y)}
bVvd.

IA A

Hence, Z(a,0)YY(c.d) = (TVY)(arcpva) € AyB and so AyB C AyB forall v € T.. O

From Proposition 3.1, we have Corollary 3.2.
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Corollary 3.2. Let M be an ordered T-semigroup and let {A;}"_, be a family of intuitionistic
fuzzy subsets of M. Then the following statements hold.

(i) Uiy Ai 2 Uiz Ase

(i) (A= A
=1 =1

(lll) Al’)/lAQ c. Anfl’}/nflAn D) é’h& .. An,lfyn,lﬂfor all Y1,Y2y -+ -y Yn—1 € I.

Proposition 3.3. Let M be an ordered I'-semigroup and let A = (jua, Aa) be a nonempty intu-
itionistic fuzzy subset of M. Then the following statements are equivalent.

(i) A is an intuitionistic fuzzy I'-subsemigroup of M.
(ii) Ais a I'-subsemigroup of M.

Proof. Assume that A is an intuitionistic fuzzy I'-subsemigroup of M. Let x4, Y(..q) € A and
v € I'. Then () VY(cd) = (TVY)(anesva) and pa(z) > a and Ay(x) < b, and pa(y) > c
and Aa(y) < d. Thus pa(x) > a and pa(y) > ¢, and As(z) < band Aa(y) < d. This
implies that min{pa(x), ua(y)} > a A ¢ and max{A4(z), \a(y)} < bV d. Since A is an
intuitionistic fuzzy I'-subsemigroup of M, we have pa(zyy) > min{pa(z), pa(y)} > a A c and
Aa(zyy) < max{Aa(x), Aa(y)} < bV d. Hence, (4 5)VY(c.d) = (YY) (anchva) € Aand so Aisa
['-subsemigroup of M.

Conversely, assume that A is a I'-subsemigroup of M. Letz,y € M andy € T. If pu(z) =0
or pa(y) = 0, and Aa(z) = 1 or Ag(y) = 1, then pa(zyy) > min{pa(x), pa(y)} = 0 and
Aa(zyy) < max{Aa(z),Aa(y)} = 1. Suppose that pa(x), pa(y) # 0 and Aa(2), Aa(y) # 1.
Since pa(x) > pa(z) and Ag(z) < Aa(z), we have 2, , (@) a4 (x)) € A. Similarly, Y., ) aaw) €
A. Since A is a I'-subsemigroup of M, we have

(YY) (@ Ana@A@EVAA @) = Tua@)ra@) VY wa@m)Aal) € A

Thus pa(zyy) > pa(@) A paly) = min{pa(z), pa(y)} and Aa(zyy) < Aaz) V Aaly) =
max{Aa(z), Aa(y)}. Hence, A is an intuitionistic fuzzy I'-subsemigroup of M. O

Lemma 3.4. Let M be an ordered I'-semigroup. If x(a), Y(c,ay € M is such that iy, . = [y

(resp. )\z(a’b) = A ), then x = y. Moreover, a < c (resp. b > d).

Y(e,d)
Proof. Assume that (4 ), Y(c,d) € M 1s such that i, - =< ., and suppose that z = y. Then
Mgy (2) < fiy ,(2) forall z € M, soa = jiz,, () < py, (x) = 0. Thus @ = 0 which is a
contradiction. Hence, z = y and so a = i, ) () < Ny(cﬁd)(:[;) =y (y) = c. n

Lemma 3.5. Let M be an ordered I'-semigroup and let A = (j14, A a) be a nonempty intuitionistic
fuzzy subset of M. If x € M is such that pa(x) > 0 and A s(x) < 1, then T, , () r4(2)) € A

Proof. Assume that z € M is such that p14(z) > 0and As(x) < 1. Then pa(x) € (0,1], Aa(z) €
0,1) and poa(x) + Aa(x) < 1,80 Ty @) ra(z)) € M. Since fra(x) > pa(x) and Ay (z) < Aa(x),
we have 2, , () a4(2)) € A O
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Proposition 3.6. Let M be an ordered I'-semigroup and let A = (4, \a) be a nonempty intu-
itionistic fuzzy subset of M. Then if A is an intuitionistic fuzzy left (resp. right, two-sided) I'-ideal
of M, then A is a left (resp. right, two-sided) I'-ideal of M.

Proof. Assume that A is an intuitionistic fuzzy left I'-ideal of M. Let x(,p) € M, ycq € A
and v € I'. Then 2(q5)VY(c.a) = (T7Y)(ancpva) and pa(y) > cand Aa(y) < d. Since A is an
intuitionistic fuzzy left I'-ideal of M, we have pa(zvy) > pa(y) > ¢ > a A cand M g(xyy) <
Aa(y) < d < bV d. Hence, T(ap)VY(e,d) = (T7Y)(@ncpva) € A. Let 2(ap) € M and y(q) € A be
such that z(, ) C y(.,q)- By Lemma 3.4, we have v = y,a < cand b > d. Since y(q) € A, we
have pa(x) = pa(y) > ¢ > aand Ay(x) = Aa(y) < d < b. Thus 2,3 € A. Hence, A is a left
[-ideal of M. O

Proposition 3.7. Let M be an ordered I'-semigroup and let A = (4, \a) be a nonempty intu-
itionistic fuzzy subset of M. Then if A is an intuitionistic fuzzy interior I'-ideal of M, then A is
an interior I'-ideal of M.

Proof. Assume that A is an intuitionistic fuzzy interior ['-ideal of M. By Proposition 3.3, we
have A is a I'-subsemigroup of M. Let z(4p), 2(e,y) € M,Yyaqy € A and o, 3 € T'. Then
T(a,p) Y (c,d)BZe,r) = (£0YB2)ancrepvavy) and pa(y) > cand Aa(y) < d. Since A is an in-
tuitionistic fuzzy interior I'-ideal of M, we have pua(xayfBz) > pa(y) > ¢ > a Ac A e and
A(zoyfz) < Aaly) < d <bVdV f. Hence, Z(ap)0Y(c.d)BZ(e,f) = (LAYBZ)(ancnepvavy) € A.
Let x(q3) € M and y(.q) € A be such that z(,) C y(c,q)- By Lemma 3.4, we have v = y,a < ¢
and b > d. Since y.q) € A, we have pia(x) = pa(y) > ¢ > aand Aa(z) = Aa(y) < d < b.
Thus z(, 4 € A. Hence, A is an interior I'-ideal of M. O

Proposition 3.8. Let M be an ordered I'-semigroup and let A = (ua, Aa) be a nonempty in-
tuitionistic fuzzy subset of M. Then if A is an intuitionistic fuzzy bi-I'-ideal of M, then A is a
bi-I'-ideal of M.

Proof. Assume that A is an intuitionistic fuzzy bi-I"-ideal of M. By Proposition 3.3, we have A is
a'-subsemigroup of M. Lety(caqy € M, T(ap), 2(c,r) € Aand o, € I'. Then z(q 1) Y (c,a) B2(e, ) =
(xoyBz)(ancrepvavy) and pa(z) > a and Aa(xz) < b, and pa(z) > e and Aa(z) < f. Since
A is an intuitionistic fuzzy bi-I'-ideal of M, we have pa(xayfBz) > min{ua(x), pa(z)} >
aNe>aAcAeand \g(rayfz) < max{ia(z), \a(2)} < bV f < bVdV f. Hence,
a:((l’b)ozy(qd)ﬁz(e,f) = (xayﬁz)(am/\e,bvdvf) € A. Let T(ab) € M and Ye,d) € A be such that
T(ap) € Y(e,q)- By Lemma 3.4, we have v = y,a < cand b > d. Since y(.q) € A, we have
pa(x) = paly) > c¢>aand Ag(z) = Aa(y) < d < b. Thus 2, € A. Hence, A is a bi-I'-ideal
of M. [

Proposition 3.9. Let M be an ordered I'-semigroup and let A = (jua, Aa) be a nonempty intu-
itionistic fuzzy subset of M. Then if A is an intuitionistic fuzzy semiprime I'-ideal of M, then A

is a semiprime I'-ideal of M.

Proof. Assume that A is an intuitionistic fuzzy semiprime I'-ideal of M. Then A is an intuition-
istic fuzzy I'-ideal of M. By Proposition 3.6, we have A is a I'-ideal of M. Let x(,3 € M and
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v € I' be such that 24 3)7T(ap) € A. Then (27)@p) = (T77)(@rapvt) = T(ab)VT(ap) € A, SO
pa(xyxr) > aand A s(xyx) < b. Since A is an intuitionistic fuzzy semiprime I'-ideal of M, we
have for all z € M and v € T', pa(x) > pa(zyx) and Ag(xz) < Aa(ayz). This implies that
pa(x) > pa(zyr) > aand Ag(z) < Aa(zyx) < b, Thus 2, € A. Hence, A is a semiprime
I'-ideal of M. L]

Theorem 3.10. Let M be an ordered I'-semigroup. Then the following statements hold.
(i) If M is an anti-chain and is intra-regular, then M is intra-regular.
(ii) If M is intra-regular, then M is intra-regular.

Proof. (1) Assume that M is an anti-chain and is intra-regular. Let z(,; € M where x € M.
Then there exist u,v € M and «, 3, € I' such that v = uaxBryv. Thus up), Ve € M,
SO U(a,b) AT (a,0) BT (a,p) VV(ap) = (UQZBTYV)@rananapviveve)y = (UaxBTYV)0p) = T(ap). Hence,
Z(ap) © u(a,b)am(a,b)ﬂx(mb)’yv(a,b), so M is intra-regular.
(ii) Assume that M is intra-regular. Let © € M. Then for any a € (0,1] and b € [0, 1) such that
a+b < 1, there exist uc,a), V(e,y) € M and , 3,y € I' such that z(, ) C U(e.a) QT (4,0) BT (a,p) V(e f)
= (Uaxﬁl"ﬂ))(c/\a/\a/\e,dvbvbvf) = (UQ‘TBI'YU)(c/\a/\e,dvbvf)-

By Lemma 3.4, we have ©* = uaxSxyv. Hence, M is intra-regular. O

Theorem 3.11. Let M be an ordered I'-semigroup. Then the following statements hold.
(i) If M is an anti-chain and is regular, then M is regular.
(ii) If M is regular, then M is regular.

Proof. (i) Assume that M is an anti-chain and is regular. Let x(,p) € M where v € M. Then
there exist u € M and «, 8 € I' such that v = xauBx. Thus ug) € M, SO x(qp) QU (qp) BT (ap) =
(xaufBr)@ranapvovey = (TQUBT)@p) = T(ap). Hence, T(p) C T(ap)WUap) BT (ap), SO M is
regular.

(ii) Assume that M is regular. Let z € M. Then for any a € (0,1] and b € [0,1) such that
a+b < 1, there exist ui.q € M and «,3 € I such that x(ap) S T(ap)0U,a)BT(ap) =
(xoufr)(arerapvave) = (TOUBT)(@repva)- By Lemma 3.4, we have + = xzaufx. Hence, M
is regular. ]

Theorem 3.12. Let M be an ordered I'-semigroup. Then the following statements hold.
(i) If M is an anti-chain and is left (resp. right) regular, then M is left (resp. right) regular.
(ii) If M is left (resp. right) regular, then M is left (resp. right) regular.

Proof. (i) Assume that M is an anti-chain and is left regular. Let x(, ;) € M where x € M. Then
there exist u € M and «, 8 € I' such that x = uaxBx. Thus ugp) € M, SO Uy QT (0,p) BT (ap) =
(U BT) (aranapvive) = (UOTPT)(0p) = T(ap). Hence, Tap) S Uap) 0T (ap) BT (ap), S0 M is left
regular.
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(ii) Assume that M is left regular. Let + € M. Then for any a € (0,1] and b € [0, 1) such
that a + b < 1, there exist w49 € M and o, 3 € I" such that 743y C U(c.a)QT(ap) BT (ap) =
(uoxBx) (cpana,avove) = (UL BL)(crg,ave). By Lemma 3.4, we have x = uaxSz. Hence, M is
left regular. ]

Theorem 3.13. Let M be an ordered I'-semigroup. Then the following statements hold.
(i) If M is an anti-chain and is semisimple, then M is semisimple.
(ii) If M is semisimple, then M is semisimple.

Proof. (i) Assume that )M is an anti-chain and is semisimple. Let x(,) € M where v €
M. Then there exist u,v,w € M and «,f,7,0 € I such that x = waxfvyrdw. Thus

U(a,b)s V(ad)s Wiab) € M., SO U p) QT (a,5) BV(a,) VT (a,0) OW(ap) = (UATLVYTOW) (anananana,bvivibvivs)
= (ucmﬂvvxéw)(mw = Z(a,b)- Hence, Z(a,b) g u(al,)ax(a7b)ﬁv(a7bn$(a7b)5w(a,b), SO M 1S semisim-
ple.

(ii) Assume that M is semisimple. Let z € M. Then for any a € (0,1] and b € [0, 1) such that
a+ b < 1, there exist uc,q), Ve, ), Wg,n) € M and «, 3,7,0 € I' such that

L (a,b) - u(c,d)Oéx(a,b)ﬁv(e,f)’yx(a,b)gw(g,h) = (uaxﬁvvxéw)(c/\a/\e/\a/\g,d\/bvf\/bvh)

= (UOMBU%'E&U)(c/\a/\e/\g,dvbvah)-

By Lemma 3.4, we have © = uaxfvyrdw. Hence, M is semisimple. ]
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