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Abstract: Intuitionistic Fuzzy Modal Operator was defined by Atanassov in 1999, he introduced
the generalization of these operators. After this study, some authors defined some modal operators
which are called one type and two type modal operators on Intuitionistic Fuzzy Sets. In this paper,
we defined new operators which are called Lωα,β and Kω

α,β and examined some of their properties.
Lωα,β and Kω

α,β are One Type Modal Operators on Intuitionistic Fuzzy Sets. These operators are
shown on the diagram.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [13] as an extension of crisp sets by expanding
the truth value set to the real unit interval [0, 1]. Let X be a set. The function µ : X → [0, 1] is
called a fuzzy set over X(FS(X)). For x ∈ X, µ(x) is the membership degree of x and the non-
membership degree is 1− µ(x). Intuitionistic fuzzy sets have been introduced by Atanassov [1],
as an extension of fuzzy sets. If X is a universal then a intuitionistic fuzzy set A, the membership
and non-membership degree for each x ∈ X respectively, µA(x)(µA : X → [0, 1]) and νA(x)(
νA:X → [0, 1]) such that 0 ≤ µA(x) + νA(x) ≤ 1. The class of intuitionistic fuzzy sets on X is
denoted by IFS(X). While the sum of membership degree and non-membership degree is 1 on
FS, this sum is less than 1 on IFS.

Intuitionistic fuzzy sets have been introduced by Atanassov in 1986 [1], form an extension of
fuzzy sets by enlarging the truth value set to the lattice [0, 1]× [0, 1] is defined as following.
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Definition 1. Let L = [0, 1] then

L∗ = {(x1, x2) ∈ [0, 1]2 : x1 + x2 ≤ 1}
is a lattice with (x1, x2) ≤ (y1, y2) :⇐⇒ ”x1 ≤ y1 and x2 ≥ y2”.
For (x1, y1), (x2, y2) ∈ L∗, the operators ∧ and ∨ on (L∗,≤) are defined as following;
(x1, y1) ∧ (x2, y2) = (min(x1, x2),max(y1, y2))

(x1, y1) ∨ (x2, y2) = (max(x1, x2),min(y1, y2))

For each J ⊆ L∗

sup J = (sup{x : (x, y ∈ [0, 1]), ((x, y) ∈ J)}, inf{y :( x, y ∈ [0, 1])((x, y) ∈ J)}) and
inf J = (inf{x : (x, y ∈ [0, 1])((x, y) ∈ J)}, sup{y : ( x, y ∈ [0, 1])((x, y) ∈ J)}).

Definition 2. [1] An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form

A = {〈x, µA(x), νA(x)〉 : x ∈ X}

where µA(x), (µA : X → [0, 1]) is called the “degree of membership of x in A”, νA(x), (νA :

X → [0, 1])is called the “degree of non-membership of x in A” and where µA and νA satisfy
the following condition:

µA(x) + νA(x) ≤ 1, for all x ∈ X.

The hesitation degree of x is defined by πA(x) = 1− µA(x)− νA(x)

Definition 3. [1]An IFS A is said to be contained in an IFS B (notation A v B) if and only if,
for all x ∈ X : µA(x) ≤ µB(x) and νA(x) ≥ νB(x).

It is clear that A = B if and only if A v B and B v A.

Definition 4. [1]Let A ∈ IFS and let A = {〈x, µA(x), νA(x)〉 : x ∈ X} then the above set is
callede the complement of A

Ac = {〈x, νA(x), µA(x)〉 : x ∈ X}

The intersection and the union of two IFSs A and B on X is defined by

A uB = {〈x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)〉 : x ∈ X}

A tB = {〈x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)〉 : x ∈ X}

The notion of Intuitionistic Fuzzy Operators was firstly introduced by Atanassov. The sim-
plest one among them is presented as in the following definition.

Definition 5. [3] Let X be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β ∈ [0, 1].

1. �A =
{〈

x, µA(x)
2
, νA(x)+1

2

〉
: x ∈ X

}
2. �A =

{〈
x, µA(x)+1

2
, νA(x)

2

〉
: x ∈ X

}
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After this definition, in 2001, Atanassov, defined the extension of these operators as following:

Definition 6. [4] LetX be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β ∈ [0, 1].

1. �αA = {〈x, αµA(x), ανA(x) + 1− α〉 : x ∈ X}

2. �αA = {〈x, αµA(x) + 1− α, ανA(x)〉 : x ∈ X}

In these operators�αand�α, if we choose α = 1
2
, we get the operators�,�, resp. Therefore,

the operators�αand�α are the extensions of the operators�,�, respectively. Some relationships
between these operators were studied by several authors ( [12], [7] )

In 2004, the second extension of these operators was introduced by Dencheva in [12].

Definition 7. [12] Let X be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β ∈
[0, 1].

1. �α,βA = {〈x, αµA(x), ανA(x) + β〉 : x ∈ X} where α + β ∈ [0, 1].

2. �α,βA = {〈x, αµA(x) + β, ανA(x)〉 : x ∈ X}where α + β ∈ [0, 1].

In 2006, the third extension of the above operators was studied by Atanassov. He defined the
following operators in [6]

Definition 8. [6] Let X be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X).

1. �α,β,γ(A) = {〈x, αµA(x), βνA(x) + γ〉 : x ∈ X}

where α, β, γ ∈ [0, 1],max{α, β}+ γ 6 1.

2. �α,β,γ(A) = {〈x, αµA(x) + γ, βνA(x)〉 : x ∈ X}

where α, β, γ ∈ [0, 1],max{α, β}+ γ 6 1.

If we choose α = β and γ = β in above operators then we can see easily that �α,α,γ =

�α,βand �α,α,γ = �α,β.Therefore, we can say that �α,β,γand �α,β,γare the extensions of the
operators.

In 2007, after this diagram, Çuvalcıoğlu [8] defined a new operator and studied some of its
properties. This operator is named Eα,β and defined as follows:

Definition 9. [8]Let X be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β ∈ [0, 1].
We define the following operator:

Eα,β(A) = {〈x, β(αµA(x) + 1− α), α(βνA(x) + 1− β)〉 : x ∈ X}

In 2007, Atanassov introduced the operator �α,β,γ,δ which is a natural extension of all these
operators in [5] .
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Definition 10. [5] Let Xbe a set, A ∈ IFS(X), α, β, γ, δ ∈ [0, 1] such that

max(α, β) + γ + δ 6 1

then the operator �α,β,γ,δ defined by

�α,β,γ,δ(A) = {〈x, αµA(x) + γ, βνA(x) + δ〉 : x ∈ X}

In 2008, he defined this most general operator }α,β,γ,δ,ε,ζ as following:

Definition 11. [6] Let X be a set, A ∈ IFS(X), α, β, γ, δ, ε, ζ ∈ [0, 1] such that

max(α− ζ, β − ε) + γ + δ 6 1

and
min(α− ζ, β − ε) + γ + δ ≥ 0

then the operator }α,β,γ,δ,ε,ζ defined by

}α,β,γ,δ,ε,ζ(A) = {〈x, αµA(x)− ενA(x) + γ, βνA(x)− ζµA(x) + δ〉 : x ∈ X}

In 2010, Çuvalcıoğlu [9] defined a new operator which is a generalization of Eα,β .

Definition 12. [9]Let X be a set and A = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β, ω ∈
[0, 1] then

Zω
α,β(A) = {〈x, β(αµA(x) + ω − ω.α), α(βνA(x) + ω − ω.β)〉 : x ∈ X}

Definition 13. [10]LetX be a set andA = {〈x, µA(x), νA(x)〉 : x ∈ X} ∈ IFS(X), α, β, ω, θ ∈
[0, 1] then

Zω,θ
α,β(A) = {〈x, β(αµA(x) + ω − ω.α), α(βνA(x) + θ − θ.β)〉 : x ∈ X}

The operator Zω,θ
α,β is a generalization of Zω

α,β,and also, Eα,β,�α,β,�α,β.

Definition 14. [7] Let X be universal and A ∈ IFS(X), α ∈ [0, 1] then

Dα(A) = {〈x, µA(x) + απA(x), νA(x) + (1− α)πA(x)〉 : x ∈ X}

Definition 15. [7] Let X be universal and A ∈ IFS(X), α, β ∈ [0, 1] and α + β ≤ 1 then

Fα,β(A) = {〈x, µA(x) + απA(x), νA(x) + βπA(x)〉 : x ∈ X}

Definition 16. [7] Let X be universal and A ∈ IFS(X), α, β ∈ [0, 1] then

Gα,β(A) = {〈x, αµA(x), βνA(x)〉 : x ∈ X}

Definition 17. [7] Let X be universal and A ∈ IFS(X), α, β ∈ [0, 1] then
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1. Hα,β(A) = {〈x, αµA(x), νA(x) + βπA(x)〉 : x ∈ X}

2. H∗α,β(A) = {〈x, αµA(x), νA(x) + β(1− αµA(x)− νA(x))〉 : x ∈ X}

Definition 18. [7] Let X be universal and A ∈ IFS(X), α, β ∈ [0, 1] then

1. Jα,β(A) = {〈x, µA(x) + απA(x), βνA(x)〉 : x ∈ X}

2. J∗α,β(A) = {〈x, µA(x) + α(1− µA(x)− βνA(x)), βνA(x)〉 : x ∈ X}

Definition 19. [7] Let X be universal and A ∈ IFS(X) then

1. �(A) = {〈x, µA(x), 1− µA(x)〉 : x ∈ X}

2. ♦(A) = {〈x, 1− νA(x), νA(x)〉 : x ∈ X}

Figure 1:

Definition 20. [11]Let X be a universal, A ∈ IFS(X) and α, β, ω ∈ [0, 1] then

1. �ωα,β(A) = {〈x, β(µA(x) + (1− α)νA(x)), α(βνA(x) + ω − ωβ)〉 : x ∈ X}

2. �ωα,β(A) = {〈x, β(αµA(x) + ω − ωα), α((1− β)µA(x) + νA(x))〉 : x ∈ X}

Definition 21. [11]Let X be a set and A ∈ IFS(X), α, β, ω, θ ∈ [0, 1] then for x ∈ X

Eω,θ
α,β(A) =


〈
x, β((1− (1− α)(1− θ))µA(x) + (1− α)θνA(x) + (1− α)(1− θ)ω),

α((1− β)θµA(x) + (1− (1− β)(1− θ))νA(x) + (1− β)(1− θ)ω)

〉
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Definition 22. [11]Let X be a set, A ∈ IFS(X) and α, β ∈ [0, 1] then

Bα,β(A) = {〈x, β(µA(x) + (1− α)νA(x)), α((1− β)µA(x) + νA(x))〉 : x ∈ X}

Definition 23. [11]Let X be a set, A ∈ IFS(X) and α, β, ω ∈ [0, 1] then

�α,β(A) = {〈x, β(µA(x) + (1− β)νA(x)), α((1− α)µA(x) + νA(x))〉 : x ∈ X}

Figure 2:

2 Lωα,β and Kω
α,β

Definition 24. Let X be a set and A = {< x, µA(x), νA(x) >: x ∈ X} ∈ IFS(X), α, β, ω ∈
[0, 1] and α + β ≤ 1

1. Lωα,β(A) = {〈x, αµA(x) + ω(1− α), α(1− β)νA(x) + αβ(1− ω)〉x ∈ X}

2. Kω
α,β(A) = {〈x, α(1− β)µA(x) + αβ(1− ω), ανA(x) + ω(1− α)〉x ∈ X}

It is clear that:

αµA(x) + ω(1− α) + α(1− β)νA(x) + αβ(1− ω)
= α(µA(x) + νA(x)) + αβ − αβνA(x) + ω(1− α− αβ)
≤ α + αβ + ω(1− α− αβ)
≤ α + αβ + 1− α− αβ = 1
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Proposition 1. Let X be a universal, A ∈ IFS(X) and α ∈ [0, 1].

1. L1
α,0(A) = �α(A)

2. K1
α,0(A) = �α(A)

Proof. It is clear from definition.

Proposition 2. Let X be a universal, A ∈ IFS(X) and α, β ∈ [0, 1], α 6= 1 and α + β ≤ 1.

1. L
β

1−α
α,0 (A) = �α,β(A)

2. K
β

1−α
α,0 (A) = �α,β(A)

Proof. It is clear from definition.

As above, we get the following diagram.

Figure 3:

Proposition 3. Let X be a universal, A ∈ IFS(X) and α, β, ω ∈ [0, 1] and α + β ≤ 1.

1. Lωα,β(A)
c = Kω

α,β(A
c)

2. Lωα,β(A
c) = Kω

α,β(A)
c
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Proof. It is clear from definition.

Theorem 1. Let X be a universal, A ∈ IFS(X) and α, β, ω ∈ [0, 1] and α + β ≤ 1.

1. If α ≤ β then Lωβ,α(L
ω
α,β(A)) v Lωα,β(L

ω
β,α(A))

2. If α ≤ β then Kω
α,β(K

ω
β,α(A)) v Kω

β,α(K
ω
α,β(A))

Proof. (1) If we use α ≤ β then we get,

α ≤ β ⇒ α2β(1− ω) ≤ αβ2(1− ω)
⇒ α2β(1− ω)(1− β) + αβ(1− ω) ≤ αβ2(1− ω)(1− α) + αβ(1− ω)

and with this inequality we can say Lωβ,α(L
ω
α,β(A)) v Lωα,β(L

ω
β,α(A)).

(2) It can be seen in the same way.

Theorem 2. Let X be a universal, A,B ∈ IFS(X) and α, β, ω ∈ [0, 1] and α + β ≤ 1. If
A v B then

1. Lωα,β(A) v Lωα,β(B)

2. Kω
α,β(A) v Kω

α,β(B)

Proof. If A v B the

µA(x) ≤ µB(x)⇒ αµA(x) + ω(1− α) ≤ αµB(x) + ω(1− α)

and

νA(x) ≥ νB(x)⇒ α(1− β)νA(x) + αβ(1− ω) ≥ α(1− β)νB(x) + αβ(1− ω)

Therefore; Lωα,β(A) v Lωα,β(B)

Similarly, can show that Kω
α,β(A) v Kω

α,β(B).

Theorem 3. Let X be a universal, A,B ∈ IFS(X) and α, β, ω ∈ [0, 1] and α + β ≤ 1.

1. Kω
α,β(A ∩B) = Kω

α,β(A) ∩Kω
α,β(B)

2. Kω
α,β(A ∪B) = Kω

α,β(A) ∪Kω
α,β(B)

Proof. (1)

Kω
α,β(A ∩B) = {〈x, αµA∩B(x) + ω(1− α), α(1− β)νA∩B(x) + αβ(1− ω)〉 : x ∈ X}

=

{〈
x, αmin{µA(x), µB(x)}+ ω(1− α),

α(1− β)max{νA(x), νB(x)}+ αβ(1− ω)

〉
: x ∈ X

}

=

{〈
x,min{αµA(x) + ω(1− α), αµB(x) + ω(1− α)},

max{α(1− β)νA(x) + αβ(1− ω), α(1− β)νB(x) + αβ(1− ω)}

〉
x ∈ X

}
=

{〈
x,min{µKω

α,β(A)
, µKω

α,β(B)},max{νKω
α,β(A)

(x), νKω
α,β(B)(x)}

〉
: x ∈ X

}
= Kω

α,β(A) ∩Kω
α,β(B)
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(2)

Kω
α,β(A ∪B) = {〈x, αµA∪B(x) + ω(1− α), α(1− β)νA∪B(x) + αβ(1− ω)〉: x ∈ X}

=

{〈
x, αmax{µA(x), µB(x)}+ ω(1− α),

α(1− β)min{νA(x), νB(x)}+ αβ(1− ω)

〉
: x ∈ X

}

=

{〈
x,max{αµA(x) + ω(1− α), αµB(x) + ω(1− α)},

min{α(1− β)νA(x) + αβ(1− ω), α(1− β)νB(x) + αβ(1− ω)}

〉
: x ∈ X

}
=

{〈
x,max{µKω

α,β(A)
, µKω

α,β(B)},min{νKω
α,β(A)

(x), νKω
α,β(B)(x)}

〉
: x ∈ X

}
= Kω

α,β(A) ∪Kω
α,β(B)

Theorem 4. Let X be a universal, A,B ∈ IFS(X) and α, β, ω ∈ [0, 1] and α + β ≤ 1.

1. Lωα,β(A ∩B) = Lωα,β(A) ∩ Lωα,β(B)

2. Lωα,β(A ∪B) = Lωα,β(A) ∪ Lωα,β(B)

Proof. It is clear from definition.

Proposition 4. Let X be a universal, A ∈ IFS(X) and α, β, ω, θ ∈ [0, 1] and α + β ≤ 1. If
ω ≤ θ then,

1. Lωα,β(A) v Lθα,β(A)

2. Kθ
α,β(A) v Kω

α,β(A)

Proof. (1) If ω ≤ θ then,

ω(1− α) ≤ θ(1− α)⇒ αµA(x) + ω(1− α) ≤ αµA(x) + θ(1− α)

and

αβ(1− θ) ≤ αβ(1− ω)⇒ α(1− β)νA(x) + αβ(1− θ) ≤ α(1− β)νA(x) + αβ(1− ω)

So,
Lωα,β(A) v Lθα,β(A)

(2) If ω ≤ θ then,

αβ(1− θ) ≤ αβ(1− ω)⇒ α(1− β)µA(x) + αβ(1− θ) ≤ α(1− β)µA(x) + αβ(1− ω)

and
ω(1− α) ≤ θ(1− α)⇒ ανA(x) + ω(1− α) ≤ ανA(x) + θ(1− α)

So,
Kθ
α,β(A) v Kω

α,β(A)

This completes the proof.
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[11] Çuvalcıoğlu, G., The extension of modal operators’ diagram with last operators, Notes on
Intuitionistic Fuzzy Sets, Vol. 19, 2013, No. 3, 56–61.

[12] Dencheva, K., Extension of intuitionistic fuzzy modal operators � and �, Proc. of the Sec-
ond Int. IEEE Symp. Intelligent Systems, Varna, June 22–24 2004, Vol. 3, 21–22.

[13] Zadeh, L. A., Fuzzy Sets, Information and Control, Vol. 8, 1965, 338–353.

35


