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Abstract: Intuitionistic Fuzzy Modal Operator was defined by Atanassov in 1999, he introduced
the generalization of these operators. After this study, some authors defined some modal operators
which are called one type and two type modal operators on Intuitionistic Fuzzy Sets. In this paper,
we defined new operators which are called L, 5 and K7 ; and examined some of their properties.
L3 5 and K 5 are One Type Modal Operators on Intuitionistic Fuzzy Sets. These operators are
shown on the diagram.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [13] as an extension of crisp sets by expanding
the truth value set to the real unit interval [0, 1]. Let X be a set. The function p : X — [0,1] is
called a fuzzy set over X (F'S(X)). For z € X, u(x) is the membership degree of x and the non-
membership degree is 1 — p(z). Intuitionistic fuzzy sets have been introduced by Atanassov [1],
as an extension of fuzzy sets. If X is a universal then a intuitionistic fuzzy set A, the membership
and non-membership degree for each x € X respectively, pa(z)(pa : X — [0,1]) and v4(z)(
va:X — [0,1]) such that 0 < p4(z) + va(x) < 1. The class of intuitionistic fuzzy sets on X is
denoted by /F'S(X). While the sum of membership degree and non-membership degree is 1 on
FS, this sum is less than 1 on IFS.

Intuitionistic fuzzy sets have been introduced by Atanassov in 1986 [1], form an extension of
fuzzy sets by enlarging the truth value set to the lattice [0, 1] x [0, 1] is defined as following.
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Definition 1. Let L = [0, 1] then

L* = {(z1,72) € [0,1)? : 2 + 25 < 1}
is a lattice with (x1, 22) < (y1,y2) <= "1 < y; and xy > y5.
For (z1,v1), (z2,y2) € L*, the operators A and V on (L*, <) are defined as following;
(@1, 51) A (22,52) = (min(z1, 22), max(y, y2))
(@1,91) V (%2, 92) = (max(x1, 22), min(ys, y2))

Foreach J C L*
sup J = (sup{z : (z,y € [0,1]), (z,y) € J)},inf{y :(z,y € [0,1])((z,y) € J)}) and
inf J = (inf{z: (z,y € [0,1])((z,y) € J)}, sup{y : (z,y € [0,1])((z,y) € J)}).

Definition 2. [1] An intuitionistic fuzzy set (shortly IFS) on a set X is an object of the form
A ={(z, pa(x),va(x)) - v € X}

where pia(x), (ua : X — [0,1]) is called the “degree of membership of x in A”, va(z), (va :
X — [0,1))is called the “degree of non-membership of x in A” and where j14 and v, satisfy
the following condition:

pa(z) +va(z) < 1,forall z € X.

The hesitation degree of x is defined by w4 () = 1 — pa(z) — va(z)

Definition 3. [1]An IFS A is said to be contained in an IFS B (notation A T B) if and only if,
forallz € X : pa(z) < pp(x) and va(z) > vp(x).

Itis clear that A = Bifandonly if AC Band B C A.

Definition 4. [/]Let A € IFS and let A = {{x, us(x),va(x)) : © € X} then the above set is
callede the complement of A

A° = {{z,va(), pal2)) 2 € X}
The intersection and the union of two IFSs A and B on X is defined by
AN B = {{z,pa(z) A pup(x),va(z) Vvg(z)) z € X}

AUB = {{z,ua(x) V up(x),valz) ANvg(z)) :x € X}

The notion of Intuitionistic Fuzzy Operators was firstly introduced by Atanassov. The sim-
plest one among them is presented as in the following definition.

Definition 5. [3] Let X be a set and A = {{(x, pa(x),va(x)) :x € X} € IFS(X),a, B € [0, 1].

1. BﬂA:{<x,“A—@,%”l>:xeX}

2

2. ®A={<x,w,“—(”>:xex}

2 2
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After this definition, in 2001, Atanassov, defined the extension of these operators as following:
Definition 6. [4] Let X be a setand A = {{x, pa(z),va(x)) :x € X} € IFS(X),a, B € [0, 1].

1. B, A= {(z,apa(x),ava(z) +1 —a) :x € X}

2. MoA = {(z,apa(z) +1—a,ava(z)) : z € X}

In these operators H,and X, if we choose o = %, we get the operators H, X, resp. Therefore,
the operators HH,and X, are the extensions of the operators B, X, respectively. Some relationships
between these operators were studied by several authors ( [12], [7] )

In 2004, the second extension of these operators was introduced by Dencheva in [12].

Definition 7. [12] Let X be a set and A = {(z,pa(x),va(z)) : x € X} € IFS(X), o, €
0, 1].

1. Bo A = {(z,apa(x), avas(z) + ) : x € X} where a + 3 € [0, 1].

2. KA = {(z,apa(z) + B,ava(x)) : € X }where a + 5 € [0, 1].

In 2006, the third extension of the above operators was studied by Atanassov. He defined the
following operators in [6]

Definition 8. [6] Let X be a set and A = {(z, pa(x),va(z)) : 2 € X} € IFS(X).

L. Bapq(A) = {2, apa(z), Bra(z) +7) @ € X}
where a, 5,7 € [0, 1], max{«, 5} + v < 1.

2. Mo (A) = {(z, apa(z) +7,pralz)) -z € X}
where «, 5,7 € [0, 1], max{a, B} + v < 1.

If we choose @ = 3 and v = [ in above operators then we can see easily that H, ., =
Hqpand X, o, = X, g.Therefore, we can say that B, 3 ,and X, 3 ,are the extensions of the
operators.

In 2007, after this diagram, Cuvalcioglu [8] defined a new operator and studied some of its
properties. This operator is named F, 3 and defined as follows:

Definition 9. [8]Let X be a set and A = {{x, pa(z),va(x)) :x € X} € IFS(X), a, B € [0, 1].
We define the following operator:

B s(A) = {{. Bapa(z) + 1 — a),a(Brale) + 1 - 8)) : ¢ € X}

In 2007, Atanassov introduced the operator [, g , s which is a natural extension of all these
operators in [5] .
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Definition 10. /5] Let Xbe a set, A € IFS(X), a, 8,7,0 € [0, 1] such that
max(a, ) +v+d < 1
then the operator U, 3 ., 5 defined by
Bopr6(A) = {{z; apalz) + 7, Bra(z) + ) - v € X}
In 2008, he defined this most general operator ©, g +.5.,¢ as following:
Definition 11. /6] Let X be a set, A € [FS(X), «, 3,7, 9,¢,( € [0, 1] such that
max(a—(,f—¢e)+y+d <1

and
min(a — ¢, —¢)+v+3d >0

then the operator ©, g ~ 5 ¢ defined by

®@apryoec(A) = {{z, apa(z) —eva(z) + v, fra(z) — Cpa(z) +6) : x € X}

In 2010, Cuvalcioglu [9] defined a new operator which is a generalization of £, g.

Definition 12. [9]Let X be a set and A = {(x, pua(z),va(x)) : v € X} € IFS(X), o, B,w €
0, 1] then

Zgs(A) = {(z, Blapa(zr) + w —w.a), a(Bra(z) + w —w.B)) 1 2 € X}

Definition 13. [10]Let X be a setand A = {{x, uas(z),va(z)) :x € X} € IFS(X), o, B,w,0 €
0, 1] then

Z2%(A) = {(z, Blopa(r) + w —w.a), aBra(z) + 0 — 0.8)) -z € X}
The operator Z;"”g is a generalization of Z) ;,and also, E, 5,8, 5, Ko 5.

Definition 14. [7] Let X be universal and A € IFS(X), a € [0, 1] then
Do (A) = {{z, pa(x) + ama(z),va(x) + (1 — a)ma(z)) 2 € X}
Definition 15. [7] Let X be universal and A € IFS(X), a, f € [0,1] and o + 5 < 1 then
Fas(A) = {(&,14(2) + ama(a), va(@) + Bra(@)) : o € X}
Definition 16. [7] Let X be universal and A € 1FS(X), , B € [0, 1] then
Gap(A) = {(2,apa(z), fra(e)) - v € X}

Definition 17. [7] Let X be universal and A € 1FS(X), v, B € [0, 1] then
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1. Hyp(A) = {(z,apa(x),va(x) + fra(z)) : x € X}

2. Hyy(4) = {{r.0ua(e),va(e) + A1 — ajua(e) - va(a))) : v € X}
Definition 18. [7] Let X be universal and A € 1FS(X), v, B € [0, 1] then

1. Jop(A) = {(x, pa(z) + ama(x), fra(z)) : v € X}

2. J25(A) = {{, pa(2) + a1 — pa(a) — Bua(@)), Bra(@)) : v € X}
Definition 19. [7] Let X be universal and A € I1FS(X) then

L 0(A) = {{z, pa(@), 1 = pa(@)) - v € X}

2. O(A) = {{z,1 —va(x),va(x)) : z € X}

Orpyser Xabood
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Figure 1:

Definition 20. /11]Let X be a universal, A € IFS(X) and o, B,w € [0, 1] then

183 5(A) = {(z, Bpa(z) + (1 = a)va(z)), a(Bra(z) + w — wf)) 1w € X}

2. ) 5(A) = {{z, Blopa (@) + w — wa), a((1 = B)ua(x) + va())) : x € X}
Definition 21. [11]Let X be a set and A € IFS(X), o, B,w, 0 € [0,1] then for z € X
- {< 2, (1= (1= a)(1 = 0)pa(z) + (1 — a)fva(z) + (1 — o) (1 = O)w),

a((L=B)fpa(r) + (1= (1= p)(L = 0))va(z) + (1 = B)(1 - O)w)

w,l
Eols
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Definition 22. [1]]Let X be a set, A € IFS(X) and o, 5 € [0,1] then
Bag(A) = {(z, B(palr) + (1 = a)va(x)), a((1 = B)pa(z) + va())) - x € X}
Definition 23. [11]Let X be a set, A € IFS(X) and o, f,w € [0,1] then

Bas(A) = {(z, Bpa(z) + (1 = B)va(z)), a(1 = a)pa(z) +va(x))) - v € X}
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Figure 2:

2 L;sand K 4

Definition 24. Let X be a set and A = {< z,pa(z),va(z) >z € X} € IFS(X),a,f,w €
0,1)and o+ <1

Lo Lg 5(A) = {{(z,apa(z) + w(l — a),a(l = B)va(z) + aB(l —w))x € X}
2. K¢ 5(A) = {{z,a(l = B)ua(z) + af(l —w),ava(z) + w(l —a))z € X}
It is clear that:

agia(x) + (1 - a) + a(l - Ara(e) + aB(l - w)
o(pa(x) + va(2)) + 0f — aBra(z) + (1 - a — ap)

a+af+w(l—a—ab)
at+af+1l—a—af=1

IA A
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Proposition 1. Let X be a universal, A € [FS(X) and o € [0, 1].
L Lgo(A) = Ra(A)
2. K, o(A) = Ha(4)

Proof. 1t is clear from definition.

Proposition 2. Let X be a universal, A € IFS(X)and o, 8 € [0,1], «

B

L Loy (A) = Kas(4)
_B_

2. K3 (A) = B.5(A)

Proof. 1tis clear from definition.

As above, we get the following diagram.

@mﬁ.m et *

l

Mapys

H E

Figure 3:

#land o+ 3 < 1.

Xanod

Proposition 3. Let X be a universal, A € IFS(X) and o, 5,w € [0,1] and o+ § < 1.

1L L8 () = K2 ,(4°)

2. Lg,ﬁ(Ac) - Kéf,ﬁ(A)c
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Proof. 1tis clear from definition. O

Theorem 1. Let X be a universal, A € [FS(X)and o, B,w € [0,1] and o+ < 1.
. If a < Bthen LY (LZ 5(A)) C LY 5(L% ,(A))
2. Ifa < Bthen KY 5(KY (A)) T Kj (K 5(A))

Proof. (1) If we use o < 3 then we get,

a < B=a’B(1 —w)<af(l—w)
= ?B(1—w)(1—=8)+ap(l—w) <af*(l-w)(l-a)+af(l—w)

and with this inequality we can say Ly ,(Ls 5(A)) E L2 5(L% ,(A)).
(2) It can be seen in the same way. [l

Theorem 2. Let X be a universal, A,B € 1FS(X) and o, ,w € [0,1] and o+ < 1. If
A C B then

L L& ,(A4) T L2 4(B)
2. K24(A) C K2 4(B)
Proof. If A C B the
(@) < pple) = apale) + w(l - a) < app(e) + w(l - a)
and
vale) > vp(2) = a(l — B)vale) + af(l — ) = a(l - Bvs(r) + af(l —w)

Therefore; Ly, 5(A) T L 5(B)
Similarly, can show that K¢ 5(A) C K¢ 5(B). O

Theorem 3. Let X be a universal, A,B € [FS(X)and o, f,w € [0,1] and a + < 1.
1. K¢ 3(ANB) = K¢ 5(A) N K 4(B)
2. K¢ 5(AUB) = K& 3(A) UK 4(B)

Proof. (1)

(x,apanp(r) + w(l —a),a(l = Blvanp(z) + af(l —w)) 1 x € X}

)
x amln{uA( ), kp(2)} +w(l = a), > ':UEX}
1)

B)max{va(z),vp(x)} + af(l —w

< x mln{oz,uA(x) w(l —a),app(r) +w(l —a)}, >az € X}
)}

K¢4,(ANB) =

max{a(l — f)va(z) + af(l —w),a(l — B)vp(x) + af(l —w

z, min{jire (4, s B)LmaX{VK:,B(A)(fC)aVK:,ﬂ(B)(x)}> x € X}

I
H‘\/—/H/—/H"“

I
i

“5(A) N K 4(B)
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(2)
K 5(AU B) = {(z, appavp(z) +w(l — a), a(l = B)ravs(z) + af(l —w)):z € X}
romalua(e) o) 1)
{< B) min{va(z), vs(2)} + aB(1 — w) > EX}

x maX{ozuA(x) +w(l—a),aup(@) +w(l—a)}, reX
min{a(1 — B)va(z) + aB(1 —w),a(l — Bvg(x) + aB(l —w)} [

{ x max{,qu Ay, e y8) } min{vis A)(x),VKgﬁ(B)(x)}> tx € X}

= )UK, 5(B)
O
Theorem 4. Let X be a universal, A, B € [FS(X) and o, ,w € [0,1] and a + < 1.
1. L 5(AN B) = L¥ 4(A) N L2 4(B)
2. L 5(AUB) = Lg 5(A) U LZ 4(B)
Proof. 1t is clear from definition. O

Proposition 4. Let X be a universal, A € [FS(X) and o, B,w,0 € [0,1] and o+ 3 < 1. If
w < 0 then,

L L& 4(A) C L 4(A)
2. K9 4(A) C K2 4(A)
Proof. (1) If w < 0 then,
w1 —a) < 0(1 - a) = aja(@) +w(l - a) < apa(e) +0(1 - a)
and
aB(1—6) < aB(l - w) = a(l - Bva(z) + aB(l - 0) < ol - Bwa(x) + aB(l - w)
So,

(2) If w < 6 then,

af(l1-0) <af(l —w) = a(l = Pua(r) + af(l —0) < a(l — Bualz) + a1l - w)

and
wl—a)<0(1l—a)=avs(z)+w(l—a) <ava(z)+0(1 —a)
So,
K 4(A) T K (4)
This completes the proof. O]
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