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1 Introduction

Implication is one of the basic operations in logic, and in intuitionistic fuzzy logic it has become a
special object of investigation. Due to its definition, where the second degree — of non-membership,
non-validity, etc. — has been introduced, intuitionistic fuzzy sets allow working with not just
one, but multiple differently defined intuitionistic fuzzy implications. The extensive research
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of intuitionistic fuzzy implications, as well as of intuitionistic fuzzy negations, started in the
beginning of the 2000s and it has lead to the definition of more than 190 different implications.

In [8, 9], the first implication has number 1 and in [9] the second one is numbered as 166-th.
Notably, in [8] there are definitions of 138 implications, while in [9] they are 185. Among the
new 47 implications, published after 2012, 22 of them were introduced by L. Atanassova in
[13, 14, 15, 16, 17, 18] and three by P. Dworniczak in [20, 21, 22]. All other intuitionistic fuzzy
implications are introduced by the author, in some cases in a collaboration with B. Riecan, E.
Szmidt, J. Kacprzyk, N. Angelova and V. Atanassova. The 190 implications from [27] generate
55 different negations.

We must mention that we ascertained that intuitionistic fuzzy implication —19; introduced in
[10] coincided with implication —, and therefore, it was omitted in the full list of the intuitionistic
fuzzy implications. On the other hand, in [11], we gave an intuitionistic fuzzy form of the
Goguen’s implication and now, it will obtain the sequential number 191, while the Third Zadeh’s
intuitionistic fuzzy implication, which was recently introduced in [12] obtains the sequential
number 192.

The Third Zadeh’s intuitionistic fuzzy implication is based on Zadeh’s fuzzy implication that
has the form as follows

p — ¢ = max(1 — p,min(p, q))
(see, e.g., [19, 24]) and on the two Zadeh’s intuitionistic fuzzy implications introduced by the
author (see, [8]).

Here, following and combining ideas from [6, 23], we will construct six new implications,
related to the Third Zadeh’s intuitionistic fuzzy implication, and in the present paper they are
assigned the sequential numbers 193-rd to 198-th, respectively.

Let a set E be fixed. The Intuitionistic Fuzzy Set (IFS; see [4, 8]) A in E is defined by:

A= {(:L‘,MA(ZL’),I/A(J/’)HZL’ S E}v

where functions p14 : £ — [0,1] and v4 : E — [0, 1] define the degree of membership and the
degree of non-membership of the element x € E, respectively, and for every x € E:

0 < pa(z) +valz) < 1.
The three Zadeh’s intuitionistic fuzzy implications have the forms:
A =1 B = {{z, max(va(x), min(pa(z), pp(2))), min(pa(z), vs(2)))|z € E}.
(see [5, 8, 9]),
A =166 B ={(z, max(va(z), min(pa(z), pp(x))),
min(ju (), max(va(w), vp(x)) o € E}
(see [7, 9]) and
A =192 B ={(z, max(pp(z), min(va(z), vp(2))),
min(vp(x), max(pa(z), ps(x))))|x € E}.
(see [12)]).
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2 Preliminary results

In the beginning, the necessary concepts from intuitionistic fuzzy set theory will be given, following

[8].
Let for every z € E:

ma(x) =1— pa(x) — va(z).
Therefore, function 7 determines the degree of uncertainty.
Let us define the empty IF'S, the totally uncertain IFS, and the unit IFS (see [4, 8]) by:

0" = {(z,0,1)|x € E},
U* ={(z,0,0)|z € £},
E* = {(z,1,0)|z € E}.

The geometrical interpretation of an element x € F with degrees y14(x) and v4(x) are shown
on Fig. 1 (see [4, 8]).

0,1)
VA(ZL‘)‘ .ZL‘
0,00 pa(z) (1,0)

Figure 1. The geometrical interpretation of an element x € E

An IFS A is called Intuitionistic Fuzzy Tautological Set (IFTS) if and only if (iff) for every
x € E,itholds that pia(x) > va(z), and it is a Tautological Set iff for every x € E: ua(X) =1,
va(z) =0.

For two IFSs A and B:

ACBiff Vo € E)(ua(z) < up(z) & va(z) > vg(x)).

Therefore, for each IFS A:
A—>16BBQA—>1 B.

Over a fixed IFS A standard and extended modal operators are defined (see [8]). Here, we use
only two of them:

A = {2, pa(e), 1 — pae)) 2 € B},
QA ={(x,1 —va(x),va(z))|x € E}.
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3 Main results

In [23], if D i1s a fixed implication, the following new modal implication can be introduced:

p—q=0(p>Dq), (*)

where p and ¢ are propositional variables. Having the Third Zadeh’s intuitionistic fuzzy
implication (—192) and following [6], we will construct six new implications.

A =193 B= 0(A =192 B)
= 0({{z, pa(z), va(e))|z € B} =z {(x, up(x),vp(2))|x € E})
= 0{(z, max(pp (), min(va(z), vp(2))), min(vp(z), max(pa(z), ps(@))))|e € E}
= {(z,max(up(z), min(va(z),vp(x))), 1 —max(ug(x), min(v4(z), vg(x))))|z € E}.

A =194 B = (A =192 B)
= O{{z, pa(x),va(z))|x € E} =z {{z, up(x), va(2))|z € E})
= O{(z, max(pup(x), min(va(z), va(z))), min(vs(z), max(pa(z), ps(x))))|r € E}
= {(z, 1—min(vp(x), max(pa(z), pp(r))), min(vp(z), max(pa(z), ps(x))))|z € E}.

A—>195B: DA—>192 oB

= 0{(e, pale), va@)lle € B} =5 0{{z, pp(a), va(a))le € B}
— ({2, 11a(2),1 = pa(@)) |z € B} =5 {{2, pn(x), 1 — pp(a))| € E}
— {(, max(up(e), min(1 — jua(2), 1 - pp(a))),

min(1 — i (x), max(pa(x), jp(2)) |z € B}
— {(z, max(up(r), 1 — max(ua(), ps(r))).

min(1 — i (x), max(pa(x), jp(2)) |z € B}
— {(z, max(up(2), 1 — max(ua(a), ps(2))).

(

1 —max(up(z), 1 — max(pa(z), pp(2))))|e € E}.

A =196 B=0A =190 OB
= 0 {{z, pae), va(e)) | € B} = O{{w, (), vs(@))|e € F)
= {(&, pa(2), 1 = pa(v))|x € B} =7 {{z,1 - vp(z),vp(r))|z € E}
= {(z,max(1 — vp(z), min(1 — pa(x), vp(x))),
min(vp(z), max(pua(z), 1 —ve(z))))|e € E}
1 —vp(x),1 —max(ua(z),1 — vp(x))),
min(vg(x
(v

= {(z,1 — min

= {(z, max(
), max(ua(2), 1 — vs(a))lz € B}
B(x)’ maX(MA(x>7 1- VB(x)))7
)

min(vg(x), max(pa(x), 1 —vg(x))))|z € E}.
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A =197 B=30A =190 OB
= O{{, pa(x), va(e))le € B} =z o{{z, pp(w),ve(r))|r € E}
= {{&,1 =wa(2), va(@))|z € B} =7 {(z, pp(2),1 = pp())|z € E}
= {{z, max(pup(z), min(va(z),1 - ps(r))),
min(1 — pp(x), max(l — va(z), pp(2))))|x € E}
= {{z, max(pp(z), min(va(z),1 - pp(r))),
min(1 — pp(z),1 —min(va(z),1 — pg(x))))|x € E}
= {{, max(pp (), min(va(r), 1 — pp(r))),
1 —max(pup(z), min(va(z), 1 — up(x))))|x € E}.

A =198 B= QA =190 OB
= O{l, pa(r),va(@))|e € E} =z O{(z, pp(2), vp(z))|e € B}
= {{(z,1 —va(x),va(x))|z € E} =7 {{x,1 —vp(z),vp(x))|x € E}
= {(z,max(1 — vg(z), min(va(x), vg(z))),
min(vp(z), max(1l — va(x),1 —vp(x))))|z € E}
= {(z,max(1 — vg(x), min(va(x), vg(x))),
min(vg(z),1 — min(rva(z),ve(x))))|z € E}
= {(z, max(1 — vp(z), min(va(z), vs(r))),
(

1 —max(1 — vg(x), min(va(x),vg(x))))|z € E}.

First, we check that the definitions are correct.
For implication — 193, obviously,

0 < max(pp(z), min(va(z),ve(z))) <1,
0 <1—max(up(x), min(va(x),ve(z))) <1

and
max(pup(x), min(va(x), vp(x))) + 1 — max(pup(x), min(va(x), vp(z))) = 1.

The same is valid for the rest of the implications.
Following [4, 8], we define the classical intuitionistic fuzzy negation by:

A=A —193 O = {{z,va(x), pa(x))|x € E}.
We can check directly that

A =193 U = {(z, max(0, min(v(x

A =193 B = {(z,max(1, min(va(z

A —194 U = {{z, 1 — min(0, max(pa(x),
(

A =194 B = {(z,1 — min(0, max(u4(z),



A =195 U" = {{x, max(0,1 — max(ua(x),0)),1 — max(0, 1 — max(ua(z),0)))|z € E}
={(2,1 = pa(z), pa(z))|z € E} = O—A,
A =195 B = {(z,max(1,1 — max(pa(z),1)),1 — max(1l,1 — max(pa(x),1)))|x € E} = E*,
A =196 U = {(z,1 — min(0, max(p(x), 1)), min(0, max(ua(z),1)))|z € E} = E*,
A =196 E* = {(z,1 — min(0, max(p(z), 1)), min(0, max(ua(x),1)))|x € E} = E*,
A =197 U* = {(z, max(0, min(v4(x),1)),1 — maX(O min(v4(z),1)))|x € E}
— [ va(@),1 - val@)le € B} = 6
A =197 E* = {{z,max(1, min(v4(z),0)),1 — max(l, min(va(x),0)))|x € E} = E*,
A —198 U = {{z, max(1, min(v4(z),0)),1 — max(1, min(rv4(z),0)))|z € E} = E*,
A =198 E* = {{z,max(1, min(v4(z),0)),1 — max(1, min(v4(z),0)))|z € E} = E*.

In the particular case, we have

O —193 OF = B
O* =193 U* = OF
O* =193 E* = E*
U* —193 OF = O*
U* =193 U* = O*
U* —193 E* = E*
E* =193 O* = O*
E* =193 U* = O*
E* —93 B* = E*

O* =196 O = E*
O =196 U* = E*
O* =196 £* = £~
U* =196 O = ¥
U* =196 U* = E*
U* =196 B* = £~
E* —196 O = O7
E* =196 U* = E
E* =96 " = ¥

O =194 O* = E*
O* =194 U* = E*
O* =194 E* = E*
U* —194 O* = E*
U =194 U = E*
U* —194 E* = £
E* =194 O* = O
E*Y =19, U = E*
EY —9y B* = L

O =197 OF = E*
O* =197 U* = B
O 197 B* = E*
U* =197 O* = O
U* =197 U* = O
U* =197 B = E*
E* =197 0" = O
E* =17 U* = E*
E* =g B* = B

O* =195 OF = E*
O* =195 U* = E*
O* =195 E* = E*
U* =195 OF = E*
U* =195 U* = E*
U* =195 E* = E*
E* —195 O* = O*
E* =195 U* = O*
E

e ST M O

O* —198 O* = E*
O* =193 U* = E*
O* —198 B* = E
U* —198 OF = O*
U* =195 U* = E*
U* —108 E* = E*
E* —195 O = O*
E* —19s U = L
E* =93 B* = E*

Four different geometrical interpretations of the element x € FE in IFSs A and B, i.e., with
degrees pi4(z) and v4(z), and pp(r) and vg(x); and the element x from IFS A —; B, are shown
on Fig. 2-5, where ¢ = 193,194, ..., 198. These four scenarios are related to the locations of the
element x in A and B. Let us denote the element z in A by z4,in B-byxgandin A —; B —
by x; for: = 193,194, ...,198.

14



Let us denote for any two elements z,y € E that z ~ y if and only if p4(x)
va(z) = vp(y).
(0,1)

T193 = T195 =~ T197

vp(r) olp @ X194 =~ T196 ~ T198

va(z); fo

0.0) palx) ps()

(1,0)

Figure 2. The geometrical interpretation — first scenario
0,1)

T193 =~ T195 =~ T197

va(z) °
V;‘(x)< Ta

0.0) jiale) ps(o)

elp T194 = T196 ~ T198

(1,0)

Figure 3. The geometrical interpretation — second scenario
0,1)

T193 =~ T197

VA(ib’)‘

VB<£C>‘ $Bf

00) jp(x) pale)

T194 = T196 ~ T198

(1,0)

Figure 4. The geometrical interpretation — third scenario
(0,1)

T193 =~ T197

vp(x) . T1g4 R T196 = T198

va(z) *B

0.0) pp(z) pa(r)

ol A

(1,0)
Figure 5. The geometrical interpretation — fourth scenario
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In the four examples, x194 ~ 196 = T195, but as we will see in the proof of the Theorem 3.1,

this is not always valid.
P Q

For every two IFSs P and (), let us denote P C (Qby e—e .

Theorem 3.1. The following relations are valid:

A —193 B

A —197 B /\ A —>198 B
A =195 B K)A —196 B
[ J
A —194 B

Proof: We will check sequentially the following 8 cases.
Case 1: A —195 B C A —194 B. Let

X =1 —min(vp(z), max(pa(z), pp(r))) — max(up(z), 1 — max(ua(z), pp(z))).

If 1a(x) > pp(x). Then

X =1 - min(vg(e), jua(e)) — max(up(e), 1 - pua(e))
— 1 — min(vp(), pa(z) — 1+ min(l — pp(z), pa(2))
— min(1 - up(e), pa(2)) — min(vp(z), pa(z)) > 0.

If pa(x) < pp(z). Then

X =1 - min(vg(e), pp())) - max(up(z), 1 - up(x))
= 1 min(vp(), ps(2))) — 1+ min(1 - (), po(z))
— min(1 — g (2), () — min(ve(e), () > 0.

The fact that there are cases in which relation C can be strong is shown on Fig. 6.

(0,1)

X194

TA

(0,0) (1,0)

Figure 6. Example for A —195 B C A —194 B
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Case 2: A —197 B C A —195 B. We see directly that

max(pp(r), 1 —max(pa(z), pp(r))) — max(pp(z), min(va(z), 1 — pp(z))) = 0

because

L — max(jua(2), pp(2)) — min(va(e), 1 - pp(z)
— 1 — max(pua(e), jp(x)) — 1+ max(l - va(e), jp(x))
= max(1 - va(), p(x)) — 1 — max(ua(e), pu(z)) > 0.

The fact that there are cases in which relation C can be strong is shown on Fig. 7.

(0,1) e T4 = T197

(0,0) (1,0)
Figure 7. Example for A —197 B C A —195 B
Case 3: A —193 B C A —197 B. We see directly that
max(pp(z), min(va(r), 1 — pp(r))) — max(pp(z), min(va(z), ve(z))) = 0

because
min(va(z), 1 — pp(zr)) — min(va(x),ve(z)) > 0.

The fact that there are cases in which relation C can be strong is shown on Fig. 8.

0,1)e x4
B Z193
® U197
(0,0 (1,0)

Figure 8. Example for A —193 B C A —197 B
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Case 4: A —193 B C A —1935 B. We see directly that
max (1 — vg(z), min(va(x),vp(x))) — max(up(x), min(va(z), ve(z))) >0

because 1 — vg(x) — pup(z) > 0.
The fact that there are cases in which relation C can be strong is shown on Figs. 2-5.
Case 5: A —19s B C A —19¢ B. We see directly that

1 — min(vp(x), max(pa(z), 1 —vg(z))) — max(1l — vg(z), min(va(x), vp(x)))
= max(1l — vp(x),1 —max(pa(z),1 —vg(x))) — max(1l — vp(x), min(va(z), vp(x)))
= max(l — vp(x), min(1 — pa(z),vp(z))) — max(l — vg(z), min(va(x),ve(z))) > 0,

because
1 — pp(z) —vp(z) > 0.

The fact that there are cases in which relation C can be strong is shown on Fig. 9.

0,1)e zp ~ x93

T196

A

(0,0) (1,0)

Figure 9. Example for A —19s B C A —196 B
Case 6: A —196 B € A —194 B. We see directly that
1 — min(vp(z), max(pa(z), pp(z))) — 1 + min(vg(z), max(pa(x), 1 — vp(x)))
= min(vp(z), max(ua(z), 1 — vp(x))) — min(vp(r), max(pa(r), ps(r))) = 0,
because
max(ua(e), 1 - vs()) — max(pa(a), js(x)) = 0.

The fact that there are cases in which relation C can be strong is shown on Fig. 10.

0.1)

X196
Ta ITB

2194

(0,0) (1,0)

Figure 10. Example for A —196 B C A —194 B

18



Case 7: The IFSs A —195 B and A —19¢ B are independent. Really, let
X =1—min(vg(z), max(pa(x),l —vg(x))) — max(up(x), 1 — max(pua(z), pp(x))).
Then we obtain that

X =1—min(vp(z), max(pua(z), 1 —vp(x))) — 1 + min(l — pp(zr), max(pua(z), ps(x)))

= min(l — pp(x), max(ua(z), pp(r))) — min(vp(r), max(pa(z), 1 - vp(z))).
If pa(z) < pp(z) < 1—wvp(x), then

X =min(l — up(x), pp(r)) — min(vp(z), 1 — vp(zx)).

X:mm(l_3’5)_min(171_1>:§_1>O’
but if pp(x) = ; and vg(z) = 1, then
11 1 1 1 1
X =min(l— =, =) —min(=,1—2) = = — = < 0.
min( 4,4) mm(g, 3) 1 3<0

Therefore, the IFSs A —195 B and A —19¢ B are independent.
Case 8: The IFSs A —197 B and A — 193 B are independent. Really, let
X = max(pp(z), min(va(z),l — pp(z))) — max(l — vg(x), min(rva(z), vp(x))).

If va(z) > 1 — pup(x) > vp(x), then
As in the previous case, we see that if y5(x) = 5 and vp(z) = 1, then

1 1 11 2 3
X:max(g,l—g)—max(l—?z) =371 <0,
while, if pup(z) = + and vp(z) = 3, then
1 1 11 3 2
X = Z1—=2)— l—=,=2)=-—=>0.
max(4, 4) max( 1 3) 137
Therefore, the IFSs A —197 B and A —193 B are independent. O
Using the well-known formula (see, e.g., [25])
—p=p—0,
we see that
A=A ==04={{z,va(),1 —va(z))|r € E},
A= A= A= ({01 pa(@), pa(0)e € BY.
Therefore,

1A =-F4=-4C24=-34=-2A.

We must mention that the first negation in the present paper coincides with negation —, and
the second one coincides with —g from [9].
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Nine axioms for implications are introduced in [24]. They are the following:
Axiom 1. (Vz,y)(z <y — (V2)({(z,2) > 1(y, 2))).

Axiom 2. (Vz,y)(x <y — (V2)(I(z,2) < I(2,y))).
Axiom 3. (Vy)(1(0,y) = 1).

Axiom 4. (Vy)(I(1,y) = y).

Axiom 5. (Vz)(I(z,z) = 1).

Axiom 6. (Vz,y, 2)(I(z, I(y,2)) = I(y, I(z, 2))).
Axiom 7. (Vz,y)(I(z,y) = Liff z < y).

Axiom 8. (Vz,y)(I(z,y) = I(N(y), N(x))), where N is an operation for a negation.
Axiom 9. [ is a continuous function.

Following [8], we will mention that if the axiom is valid as an Intuitionistic Fuzzy Tautology
(IFT), the number of the axiom is marked with an asterisk (x). These axioms are:
Axiom 3*. (Vy)(I(0,y) is an IFT).
Axiom 5*. (Vz)(I(x,x) is an IFT).
Axiom 7*. (Vz,y)(I(z,y) is an IFT iff x < y).

Theorem 3.2. All implications satisfy only Axioms 1 and 9 as tautologies, implications —93,
— 195, —197 satisfy Axiom 6 as tautologies.

Proof: Let the three IFSs A, B and C' be given and let A C B. Therefore, for each x € E:

pal) < pp(x), valr) = vp(e).

We construct

A =193 C = {{z, max(pc(z), min(va(z), ve(x))), 1—max(uc(z), min(va(z), ve(z)))) |z € E}

and

B —193 C = {{z,max(uc(x), min(vg(x), ve(x))), l—max(uc(z), min(vg(x), vo(z)))) |z € E}.

Hence, by analogy with the above proof, we check

max(uc(x), min(va(z), ve(r))) — max(pe(x), min(vg(z), ve(x))) > 0,

that proves the Theorem in the case of implication —;g3.
Axiom 9 is obviously true, because functions max and min are continuous. The rest assertions
are proved by the same manner. ]

For all of the rest axioms, counterexamples exist.
The proofs of the next assertions are made in the same manner.

Theorem 3.3. As IFTs, all implications satisfy Axiom 1, implications —194, —195, - - - , —>198
satisfy Axiom 4, implications —193, —>195, —>197 Satisfy Axiom 6 and implications —194, —>195,
—>196, —7198 Sdl‘iSfy Axiom 8.
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Following [26], we give the axioms of the intuitionistic logic.
(a) A — A,
(b) A— (B— A),
c©)A— (B— (ANB)),
A= (B—-C)—(B—=(A—=0)),
@ A—-(B—C)—((A—=B)—(A—=0)),
() A— A,
(g) ~(AN-4),
(h) (AU B) - (A— B),
(i) "(AUB) - (-AN-B),
() (AN =B) = ~(AUB),
k) (FAU-B) - ~(ANB),
1) (A— B) — (=B — —A4),
(m) (A — —-B) — (B — —A),
(n) =——A — A,
(0) "A — ———A,
(p) ~=(A = B) = (A= —=B),
(@ ((C—A) —(C—(A—B))—(C—B)).

Theorem 3.4. None of the axioms (a)—(q) is valid as a tautological set for the six new implications.

Theorem 3.5. For every three IFSs A, B and C':

(a) Implication — 193 satisfies Axioms 6, 7, 9, 10, 11, 12, 13, 14, 15, 16.

(b) Implications —194 and —19g satisfy Axioms 1, 2, 3,4, 6, 7,8, 9, 10, 11, 13, 14, 15.

(c¢) Implications — 95 and —19g satisfy all of the axioms.

(d) Implication —97 satisfies Axioms 4, 5, 6,7, 9, 10, 11, 12, 13, 14, 15, 16, 17 as IFTSs.

The proofs of these theorems are similar to the above ones.

4 Conclusion

As it is shown in [1, 2, 3], for each intuitionistic fuzzy implication, one or three intuitionistic

fuzzy disjunctions and conjunctions are introduced. For example, for disjunction, the following

formulas are used:

pViqg="p—gq,
pv2q:—|p—>—|—|q’
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where operation intuitionistic fuzzy negation (—) is generated by the respective intuitionistic fuzzy
implication (—); and

pVsq=-p—q,
where the negation — is the classical one.

In future, the respective intuitionistic fuzzy disjunctions and conjunctions, associated to the
six new implications will be introduced and their properties will be studied. Having in mind the
form of the negations, generated by the new implications, we must immediately mention that each
of these implications will generate three different disjunctions and conjunctions (cf. [1, 2, 3]).
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