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1 Introduction and Preliminaries  

Following the introduction of fuzzy set theory by Zadeh [1] there has been extensive research to 
find applications and fuzzy analogues of the classical theories. The theory of intuitionistic fuzzy 
sets was introduced by Atanassov [2] it has been extensively used in decision-making problems 
[3]. The concept of an intuitionistic fuzzy metric space was introduced by Park [4]. Further, 
Saadati and Park [5] gave the notion of an intuitionistic fuzzy normed space. Some works related 
to the convergence of sequences in several normed linear spaces in a fuzzy setting can be found 
in ([6, 7, 8]).  Using the concepts of n-normed linear spaces and fuzzy normed linear spaces; in 
[9] fuzzy n-normed linear space and in [10] intuitionistic fuzzy n-normed linear space have been 
defined. Also in [11] the notions of lacunary statistical convergence and lacunary statistical 
Cauchy sequence have been introduced.  

The notion of statistical convergence is a very useful functional tool for studying the 
convergence problems of numerical sequences/matrices (double sequences) through the concept 
of density. It was first introduced by Fast [12], and Schoenberg [13], independently for the real 
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sequences. Later on it was further investigated from sequence point of view and linked with the 
summability theory by Fridy [14], Salat [15] and many others. The idea is based on the notion 
of natural density of subsets of , the set of positive integers, which is defined as follows: The 
natural density of a subset K of  is denoted by ( )Kδ and is defined by 

 ( ) { }1lim : ,
n

K k K k n
n

δ
→∞

= ∈ ≤  (1) 

where the vertical bar denotes the cardinality of the respective set. 
Recently, Mursaleen [16] studied the concept of statistical convergence of sequences in 

random 2-normed space. Quite recently, Savaş [17] introduced λ -statistical convergence 
theorem in random 2-normed space and in [18] Savaş proved some theorems in intuitionistic 
fuzzy 2-normed space using λ -statistical convergence. 

The concepts of I-statistical convergence, I-lacunary statistical convergence, and  
Iλ-statistical convergence have been introduced by using ideals and have been investigated their 
properties in [19, 20]. Savaş and Gürdal [21] also studied the concept of Iλ-statistical 
convergence with respect to the intuitionistic fuzzy normed space (μ, ν). Also Savaş [25] 
introduced [V, λ](I)-summability and Iλ-statistical convergence of order , 0 1,α α< ≤  with 
respect to the intuitionistic fuzzy n-norm (μ, ν)n and investigated some properties of these 
classes. 

In this paper, we introduce [ ]( ),V Iλ -summability and Iλ-statistical convergence of order 

, 0 1,α α< ≤  in the setting of intuitionistic fuzzy normed space. 
 
Firstly, we recall some notations and definitions which we need them in the sequel. 
Definition 1.1 [22] A binary operation [ ] [ ] [ ]: 0,1 0,1 0,1∗ × →  is a continuous t-norm if it 
satisfies the following conditions: 
(i)  ∗  is associate and commutative, 
(ii) ∗  is continuous, 
(iii) 1a a∗ =  for all [ ]0,1 ,a∈  

(iv)  a b c d∗ ≤ ∗ whenever   a c≤ and  b d≤ for each [ ],  ,  ,  0,1 .a b c d ∈  

 
Definition 1.2.  [22] A binary operation [ ] [ ]: 0,1 0,1 [0,1]◊ × → ] is said to be a continuous t-

conorm if it satisfies the following conditions: 
(i)  ◊  is associate and commutative, 
(ii)  ◊  is continuous, 
(iii)  0a a◊ =  for all [ ]0,1 ,a∈  

(iv)  a b c d◊ ≤ ◊ whenever   a c≤ and  b d≤ for each [ ],  ,  ,  0,1 .a b c d ∈  

For example, we can give { },  min ,   ,  min{ ,1}a b ab a b a b a b a b∗ = ∗ = ◊ = +  

and max{ ,  }a b a b◊ =   for all [ ],  0,1 .a b∈  
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Definition 1.3. [10] An intuitionistic fuzzy n-normed space (or) in short IFnNS is an object of 
the form ( ) ( ) ( ){ }1 2, , , , : , ,..., n

nX x t x t x x x x Xμ νΑ = = ∈ , where X is a vector space, ∗  is a 

continuous t-norm, ◊  is a continuous t-co-norm and μ, ν are fuzzy sets on ( )0, ;nX × ∞   
μ denotes the degree of membership and ν denotes the degree of non-membership of 
( ) ( )1 2, ,..., , 0,n

nx x x t X∈ × ∞  ( )0,X × ∞  satisfying the following conditions: 

i. ( ) ( ) ,    ,    1,x t v x tμ + ≤  

ii. ( ),  0,x tμ >  

iii. ( )1 2 1 2  , ,..., , 1 if and only if  , ,...,n nx x x t x x xμ =  are linearly dependent, 

iv. ( )1 2  , ,..., ,nx x x tμ  is invariant under any permutation of  1 2, ,..., .nx x x  

v. ( )1 2 1 2, ,..., ,  , ,..., ,n n
tx x cx t x x x
c

μ μ
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

 for each 0c ≠ , 

vi. ( ) ( ) ( )1 2 1 2 1 2, ,..., ,  * , ,..., ',  , ,..., ',  n n n nx x x t x x x s x x x x t sμ μ μ≤ + + , 

vii. ( ) ( ) [ ],  . : 0, 0,  1  is continuous,xμ ∞ →  

viii. ( ),   0,v x t >  

ix. ( )1 2 1 2 , ,..., , 0 if and only if  , ,...,n nx x x t x x xν =  are linearly dependent, 

x. ( )1 2 , ,..., ,nx x x tν  is invariant under any permutation of  1 2, ,..., .nx x x  

xi. ( )1 2 1 2, ,..., ,  , ,..., ,n n
tx x cx t x x x
c

ν ν
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

 for each 0c ≠ , 

xii. ( ) ( ) ( )1 2 1 2 1 2, ,..., ,  , ,..., ',  , ,..., ',  n n n nx x x t x x x s x x x x t sν ν ν◊ ≥ + +  

xiii. ( ) ( ) [ ],  . : 0, 0,  1  is continuous.v x ∞ →  
 
For convenience we denote the intuitionistic fuzzy n-normed space (or) in short IFnNS  by 
( ), , , ,X μ ν ∗ ◊  and also intuitionistic fuzzy n-norm by  (μ, ν)n. As a standard example, we give 
the following. 
 
Example 1.4. [11] Let ( ), ,...,X • •  be an n-normed space, where .X =  Define 

{ }min ,a b a b∗ =  and max{ ,  }a b a b◊ =  for all [ ] ( )1 2, 0,1 , for all x , ,..., na b x x x X∈ = ∈  and 
every 0;t >  

( ) ( )
1 2 1 2, ,..., , ,...,

1 2 1 2, ,..., , , , ,..., , 1
n nx x x x x x

t t
n nx x x t e x x x t eμ ν

− −

= = − . 

Then ( ), , , ,X μ ν ∗ ◊  is an intuitionistic fuzzy n-normed space. 
 
Definition 1.5. [10] Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. A sequence ( ) ( ), , , ,

knx x X μ ν= ∈ ∗ ◊  is 

said to be convergent to L X∈  with respect to the intuitionistic fuzzy n-norm (μ, ν)n if, for every 
 0ε >  and  0t > , there exists a positive integer n0 such that ( )1 2 1, ,..., , ,  1

kn nx x x x L tμ ε− − > −  
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and ( )1 2 1, ,..., , ,  
kn nv x x x x L t ε− − <   for all 0k n≥ . It is denoted by ( ), lim

knn
v x Lμ − =  or 

( ), n

k

v

nx L
μ

→  as k →∞ . 

 
Definition 1.6. [10] Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. A sequence ( ) ( ), , , ,

knx x X μ ν= ∈ ∗ ◊  is 
said to be a Cauchy sequence with respect to the intuitionistic fuzzy n-norm (μ, ν)n if, for each 

 0ε >  and  0t > , there exists a positive integer 0m  such that 

( )1 2 1 , ,..., , ,  1
p qn n nx x x x x tμ ε− − > −  and ( )1 2 1, ,..., , ,  

p qn n nv x x x x x t ε− − <   whenever  0,p q m≥ . 
 
Before proceeding further, we should recall some notation on the ideal. 
A family 2YI ⊂  of subsets of a nonempty set Y is said to be an ideal in Y if  

i. I∅∈ ;  
ii. ,A B I∈  imply A B I∪ ∈ ;  
iii. ,   imply .A I B A B I∈ ⊂ ∈  

A proper ideal I is said to be admissible if { }n I∈  for each n∈ . 
i. ;F∅∉  
ii.  ,A B F∈  imply   ;A B F∩ ∈  
iii.  ,   imply .A F A B B F∈ ⊂ ∈  

If I is a proper ideal of  (i.e., I∉ ), then the family of sets ( )F I

{ }: : \M N A I M A= ⊂ ∃ ∈ =  is a filter of . It is called the filter associated with the ideal. 

2 Iλ-statistical convergence in IFnNS 

Definition 2.1.  Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. A sequence  ( )knx x=  is said to be I -
statistically convergent of order α  to L X∈  with respect to (μ, ν)n, where 0 1,α< ≤  if for every 

0ε > , 0δ >  and 0t > ; 

( ) ( ){ }1 2 1 1 2 1
1: : , ,..., , ; 1 or , ,..., , ;

p pn n n nk p k x x x x L t x x x x L t I
kα μ ε ν ε δ− −

⎧ ⎫∈ ≤ − ≤ − − ≥ ≥ ∈⎨ ⎬
⎩ ⎭

 

which denotes as ( )( )( ), n

knx L S μ να→ Ι  or ( )( ), limn

knS x Lμ να Ι − = . 

 

Remark 2.2. For { } ( )( ),:  is finite , n
finI I A A S μ να= = ⊆ Ι − convergence coincides with 

statistically convergence of order α  with respect to (μ, ν)n. For an arbitrary ideal I and for 1α =  
it coincides with I-statistical convergence with respect to (μ, ν)n, [23]. When  and =1finI I α=  

it becomes only statistically convergence with respect to (μ, ν)n, [21]. 
Let  { }n nλ λ ∈=  be a non-decreasing sequence of positive numbers tending to ∞  such that 

1 11, 1.n nλ λ λ+ ≤ + =  The collection of such sequences λ  will be denoted by Δ . 
We define the generalized de la Vallee-Pousin mean of order α  by  
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( ) 1 ,
n

n k
k In

t x xαλ ∈
= ∑  

where [ ]1,n nI n nλ= − + . 
 
Definition 2.3.  Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. A sequence  ( )knx x=  is said to be [ ]( ),V Iλ

-statistically convergent of order α  to L X∈  with respect to (μ, ν)n, where 0 1,α< ≤  if for 
every 0ε >  and 0t > ; 

( )( ) ( )( ){ }1 2 1 1 2 1: , ,..., , ; 1 or , ,..., , ;
k kn n n nk x x x t x L t x x x t x L t Iμ ε ν ε− −∈ − ≤ − − ≥ ∈ , 

which is denoted as [ ] ( )( ),, lim .nV I x Lα μ νλ − =  
 
Definition 2.4. Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. A sequence ( )knx x=  is said to be Iλ -

statistically convergent of order α  or ( )( ), nS μ να
λ Ι -convergent to L X∈  with respect to (μ, ν)n 

where 0 1,α< ≤  if for every 0ε >  and 0t > ; 

( ) ( ){ }1 2 1 1 2 1
1: : , ,..., , ; 1 or , ,..., , ; ,

p pk n n n n
k

k p I x x x x L t x x x x L t Iα μ ε ν ε δ
λ − −

⎧ ⎫
∈ ∈ − ≤ − − ≥ ≥ ∈⎨ ⎬

⎩ ⎭

which is denoted as ( )( ), limnS x Lμ να
λ Ι − =  or ( )( )( ), n

knx L S μ να
λ→ Ι . 

 
Remark 2.5. For ( )( ),, n

finI I S μ να
λ= Ι − convergence with respect to ( ),

n
vμ  coincides with λ −

statistically convergence of order α  with respect to ( ),
n

vμ . For an arbitrary ideal I  and for 

1α =  it coincides with Iλ -statistical convergence with respect to ( ),
n

vμ , [21]. Finally 

 and =1finI I α=  it becomes λ -statistically convergence with respect to  ( ),
n

vμ , [24]. 
 
Theorem 2.6. Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. Let ( )kλ λ= ∈Δ . Then 

[ ] ( )( )( ) ( )( )( ), ,, n n

k kn nx L V I x L Sα μ ν μ να
λλ→ ⇒ → Ι . 

Proof.  For every 0ε >  and 0t > , let [ ] ( )( )( ),, n

knx L V Iα μ νλ→ . We  have 

( )( ) ( )( )

( )( ) ( )( )
( )( )

( )( )

( )( )

1 2 1

1 2 1

1 2 1 1 2 1

1 2 1 1 2 1
& , ,..., , ; 1

or , ,..., , ;

1 2 1

, ,..., , ; or , ,..., , ;

, ,..., , ; or , ,..., , ;

: , ,..., , ; 1

k k

k

k k

k n nk

n nk

k

n n n n
p I

n n n n
p I x x x t x L t

x x x t x L t

n n

x x x t x L t x x x t x L t

x x x t x L t x x x t x L t

p x x x t x L t

μ ε
ν ε

μ ν

μ ν

ε μ

−

−

− −
∈

− −
∈ − < −

− >

−

− −

≥ − −

≥ ∈ − ≤

∑

∑

( )( ){ }1 2 1or , ,..., , ; .
kn nx x x t x L tε ν ε−− − ≥

 

Then for a given 0δ > ,  
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( ) ( ){ }

( )( ) ( ) ( )( )

1 2 1 1 2 1

1 2 1 1 2 1

1 : , ,..., , ; 1 or , ,..., , ;

1 1, ,..., , ; 1 or , ,..., , ; ,

p p

k k

k k

k n n n n
k

n n n n
p I p Ik k

p I x x x x L t x x x x L t

x x x t x L t x x x t x L t

α

α α

μ ε ν ε δ
λ

μ ε δ ν εδ
λ λ

− −

− −
∈ ∈

∈ − ≤ − − ≥ ≥

⇒ − ≤ − − ≥∑ ∑
which implies that 

( ) ( ){ }

{

( )( ) ( ) ( )( )

1 2 1 1 2 1

1 2 1 1 2 1

1: : , ,..., , ; 1 or , ,..., , ;

:

1 , ,..., , ; 1 or , ,..., , ; .

p p

k k

k k

k n n n n
k

n n n n
p I p Ik

k p I x x x x L t x x x x L t

k

x x x t x L t x x x t x L t

α

α

μ ε ν ε δ
λ

μ ε ν ε εδ
λ

− −

− −
∈ ∈

⎧ ⎫
∈ ∈ − ≤ − − ≥ ≥⎨ ⎬

⎩ ⎭

⊂ ∈

⎫⎧ ⎫⎪ ⎪ ⎪− ≤ − − ≥ ≥⎨ ⎬ ⎬
⎪ ⎪ ⎪⎩ ⎭ ⎭
∑ ∑

 

Since  [ ] ( )( )( ),, n

knx L V Iα μ νλ→ , we see that ( )( )( ), n

knx L S μ να
λ→ Ι , so this completes the proof.

  
 
To show that ( )( )( ) [ ] ( )( )( ), ,,n nS V Iαμ ν μ να

λ λΙ , take a fixed .A I∈  Define ( )kx x=  by  

, for 1 ,

, for 1 ,
, otherwise.

n

k n

ku n k n n A

x ku n k n n A

αλ

λ
θ

⎧ ⎡ ⎤− + ≤ ≤ ∉⎪ ⎢ ⎥⎣ ⎦
⎪= − + ≤ ≤ ∈⎨
⎪
⎪
⎩

 

where u X∈  is a fixed element with 1,u =  and θ  is the null element of X . Then ( )x m X∉  

and for every ( )0 0 1ε ε> < <   since  

{ }1 2 1
1 : , ,..., , 0

k

n

n n
n n

k x x x x
α

α α

λ
θ ε

λ λ−

⎡ ⎤
⎣ ⎦∈ − ≥ = →  

as n →∞  and n A∉ , so for every 0δ > , 

{ } { }1 2 1
1: : , ,..., , 1, 2,...,

kn n
n

n k x x x x A mα θ ε δ
λ −

⎧ ⎫⎪ ⎪∈ ∈ − ≥ ≥ ⊂⎨ ⎬
⎪ ⎪⎩ ⎭

∪  

for some m∈ . Since I  is admissible so it follows that ( )( )( ), n
knx S μ να

λθ→ Ι .  Obviously 

( )1 2 1
1 , ,..., ,

k
n

n n
k In

x x x x nα θ
λ −

∈
− →∞ →∞∑  

i.e. [ ] ( )( )( ),, n
knx V Iα μ νλθ  . Note that if A I∈  is infinite then ( )( ), n

knx S μ ν
λ

α
θ . This 

example also shows that ( ), nI S μ ν
λ− -statistical convergence of α is more general than  

( ), nS μ ν
λ -statistical convergence of order α . 
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Theorem 2.7. Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. If lim inf 0,k

k k

α

α

λ
→∞

>  then ( )( ) ( )( ), , .n nS Sμ ν μ να α
λΙ ⊂ Ι  

Proof.  For fixed 0ε >  and 0t > , we have 

( ) ( ){ }

( ) ( ){ }

( ) ( ){ }

1 2 1 1 2 1

1 2 1 1 2 1

1 2 1 1 2 1

1 : , ,..., , ; 1 or , ,..., , ;

1 : , ,..., , ; 1 or , ,..., , ;

1. : , ,..., , ; 1 or , ,..., , ; .

p p

p p

p p

n n n n

k n n n n

k
k n n n n

k

p k x x x x L t x x x x L t
k

p I x x x x L t x x x x L t
k

p I x x x x L t x x x x L t
k

α

α

α

α α

μ ε ν ε

μ ε ν ε

λ μ ε ν ε
λ

− −

− −

− −

≤ − ≤ − − ≥

≥ ∈ − ≤ − − ≥

= ∈ − ≤ − − ≥

 

If lim k

k k

α

α

λ α
→∞

= , then from the definition the set :
2

kk
k

α

α

λ α⎧ ⎫
∈ <⎨ ⎬

⎩ ⎭
 is finite. For every 0δ > , 

( ) ( ){ }

( ) ( ){ }

1 2 1 1 2 1

1 2 1 1 2 1

1: : , ,..., , ; 1 or , ,..., , ;

1: : , ,..., , ; 1 or , ,..., , ;
2

: .
2

p p

p p

k n n n n
k

k n n n n

k

k p I x x x x L t x x x x L t

k p I x x x x L t x x x x L t
k

k
k

α

α

α

α

μ ε ν ε δ
λ

αμ ε ν ε δ

λ α

− −

− −

⎧ ⎫
∈ ∈ − ≤ − − ≥ ≥⎨ ⎬

⎩ ⎭

⎧ ⎫⊂ ∈ ∈ − ≤ − − ≥ ≥⎨ ⎬
⎩ ⎭

⎧ ⎫
∈ <⎨ ⎬

⎩ ⎭
∪

This completes the proof, as I is admissible the set on the right-hand side belongs to I.  
 
Theorem 2.8. Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS. If λ∈Δ  be such that for a particular 

, 0 1, lim 0k
k

k
kα
λα α −

< < = , then ( )( ) ( )( ), ,n nS Sμ ν μ να α
λ Ι ⊂ Ι . 

Proof. Let 0δ >  be given. Since lim 0k

k

k
kα

λ−
= , we can choose m∈  such that 

2
kk

kα

λ δ−
< , 

for all k m≥ . Now observe that, for 0ε >  
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( ) ( ){ }

( ) ( ){ }

( ) ( ){ }

1 2 1 1 2 1

1 2 1 1 2 1

1 2 1 1 2 1

1 : , ,..., , ; 1 or , ,..., , ;

1 : , ,..., , ; 1 or , ,..., , ;

1 : , ,..., , ; 1 or , ,..., , ;

1

p p

p p

p p

n n n n

k n n n n

k n n n n

k

p k x x x x L t x x x x L t
k

p k x x x x L t x x x x L t
k

p I x x x x L t x x x x L t
k

k
k k

α

α

α

α α

μ ε ν ε

λ μ ε ν ε

μ ε ν ε

λ

− −

− −

− −

≤ − ≤ − − ≥

= ≤ − − ≤ − − ≥

+ ∈ − ≤ − − ≥

−
≤ + ( ) ( ){ }

( ) ( ){ }

1 2 1 1 2 1

1 2 1 1 2 1

: , ,..., , ; 1 or , ,..., , ;

1 : , ,..., , ; 1 or , ,..., , ; ,
2

p p

p p

k n n n n

k n n n n
k

p I x x x x L t x x x x L t

p I x x x x L t x x x x L tα

μ ε ν ε

δ μ ε ν ε
λ

− −

− −

∈ − ≤ − − ≥

≤ + ∈ − ≤ − − ≥

 

for all k m≥ . Hence 

( ) ( ){ }

( ) ( ){ }
{ }

1 2 1 1 2 1

1 2 1 1 2 1

1: : , ,..., , ; 1 or , ,..., , ;

1: : , ,..., , ; 1 or , ,..., , ;
2

1,2,..., .

p p

p p

n n n n

k n n n n
k

k p k x x x x L t x x x x L t
k

k p I x x x x L t x x x x L t

m

α

α

μ ε ν ε δ

δμ ε ν ε
λ

− −

− −

⎧ ⎫∈ ≤ − ≤ − − ≥ ≥⎨ ⎬
⎩ ⎭
⎧ ⎫

⊂ ∈ ∈ − ≤ − − ≥ ≥⎨ ⎬
⎩ ⎭

∪

 

If ( )( ), lim ,nS I x Lμ να
λ − = then the set on the right-hand side belongs I  and so the set on the left-

hand side also belongs to I. This shows that ( )knx x=  is I -statistically convergent of order α  

to L  with respect to intuitionistic fuzzy n-normed space (μ, ν)n.  
 

Theorem 2.9.  Let ( )X,  ,  v, ,μ ∗ ◊  be an IFnNS such that 
4 4 2
k k kε ε ε
◊ <  and 

1 * 1 1
4 4 2
k k kε ε ε⎛ ⎞ ⎛ ⎞− − > −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. If X  is a Banach space then ( )( ) ( ), ,n nS I lμ ν μ να

λ ∞∩  is a closed subset 

of ( ), ,nl μ ν
∞  where ( ), nl μ ν

∞  stands for the space of all bounded sequences of intuitionistic fuzzy 
n-norm ( ), nμ ν . 

Proof. We first assume that ( ) ( )( ) ( ), , , 0 1,n njx S I lμ ν μ να
λ α∞⊂ < ≤∩  is a convergent sequence and 

it converges to ( ), nx l μ ν
∞∈ . We need to show that ( )( ) ( ), ,n nx S I lμ ν μ να

λ ∞∈ ∩ . Suppose that 

( )( )( ), nj
jx L S I μ να

λ→  for all j∈ . Take a sequence  { }j j
ε

∈
 of strictly decreasing positive 

numbers converging to zero. We can find a j∈  such that ( )1 2 1sup , ,..., , ;
4

jk
n n

k
x x x x x t

ε
ν − − <  

for all m j≥ m. Choose 10 .
5

δ< <  Now let  
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( ) ( )

( ) ( )

1 2,

1 2 1 1 2 1

, ,..., ;

1: : , ,..., , ; 1 or , ,..., , ;
4 4

jn

k k

n

j jj j
p n n j n n j

p

A t

p k I x x x x L t x x x x L t

μ ν

α

ε ε ε

ε ε
μ ν δ

λ − −

=
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Hence we have  
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for any given 0.δ >  Hence we have  ( )( )( ), nx L S I μ να
λ→ . So we obtain the proof.  
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