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1 Introduction

In 1965, Zadeh [14] first introduced the fuzzy set theory. Later many researchers have applied
this theory to the well known results in the classical set theory. The fuzzy differential equations
(FDEs), are originally formulated by Kaleva [8, 9] (see also [13, 10]) and the notions of differ-
ential and integral calculus for fuzzy-set-valued are given using Hukuhara difference in Fuzzy
theory [10].

Particular in [13], the authors give the existence and uniqueness of the solution of a differential
equation with fuzzy initial value, he used the a-cuts. The idea of intuitionistic fuzzy set was first
published by Atanassov [1, 2, 3] as a generalization of the notion of fuzzy set.

46



This paper is organized as follows: in Section 2 we give preliminary which we will use
throughout this work. in Section 3 and in Section 4, we give the concept of measurability, in-
tegrability and differentiability of an intuitionistic fuzzy valued-functions. Then the existence
and uniqueness of the initial value problem for the intuitionistic fuzzy differential equations are
treated in Section 5. In Section 6 we present the method of a-cut for explicit the solution with an
example in Section 7.

2 Preliminaries
In the first, we recall some results and definitions of intuitionistic fuzzy theory. we denote by
IF; =IF(R) = {(u,v) : R— [0, 1°/VzeR, 0<u(z)+uv(z) < 1}

An element (u, v) of IF; is said an intuitionistic fuzzy number if it satisfies the following condi-
tions

(i) (u,v) is normal i.e there exists =y, 1 € R such that u(xy) = 1 and v(z;) = 1.
(i1) w is fuzzy convex and v is fuzzy concave.
(ii1) w is upper semi-continuous and v is lower semi-continuous
(iv) supp (u,v) =cl{z € R :|v(x) < 1} is bounded.

so we denote the collection of all intuitionistic fuzzy number by IF,
For a € [0,1] and (u, v) € IF;, the upper and lower a-cuts of (u, v) are defined by

(u,v)]* ={x eR:v(x) <1-a}
and
(u,v)], ={r € R:u(z) > a}.

Remark 2.1. If (u,v) € IFy, so we can see [(u,v)], as [u]” and [(u,v)]" as [1 — v]" in the fuzzy

case.
We define 0y € IF; as

(1,0) t=0

(0,1) t#0

Let (u,v) ,(u',v') € IF; and A € R, we define the following operations by :

((u,v> @ <u',v'>>(z) = < sup min (u(z),'(y)), inf max (v(m),v’(y)))

z=x+y z=z+y

0n,09(t) =

(Au, vy if A#£0

Au,v) = '
O<170> ifA\=0
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For (u, v), (z,w) € IF; and \ € R, the addition and scaler-multiplication are defined as follows

[(wrye )] = [wo] +[Eo])

[)\ (z,w)_ = A[(z,w}]a (2.1

d o «

[)\(z,w):a - [< ,w>]

(woew| = [y +|Ew)] .
Al{zw) ] (2.2)

Definition 2.1. Let (u,v) an element of IF, and o € [0, 1], we define the following sets:

[(u,v)]j(a) = inf{z e R|u(z) > a}, [(u,v}]T (o) =sup{z € R | u(x) > a}

[<u,v>]l(a) = inf{z eR|v(z) <1—al, [(u,v>L(o¢):sup{x€R|v(x)§1—oc}

Remark 2.2.

[wo], = |[a] @ [wo]

«Q

+

@] [wo] =[], @ [wa] ©]

T T

Proposition 2.1. Forall o, § € [0, 1] and (u,v) € IF;

i) [wo)] @]

(ii) [ (u,v) } and [ (u,v) ] are nonempty compact convex sets in R

«
«

(iii) if o < 3 then [(u,v}]ﬁ C [(u,vﬁ and [(u,v>r C [(u,v)}

(iv) If a, /" o then [<U>U>]a:ﬂn [<u,v>} and [<U7U>]°‘:ﬂn |:<u7v>i|an

Qn

Let M any set and « € [0, 1] we denote by
M,={zeR :u(x)>a} and M*={zreR :vz)<1l-a}

Lemma 2.1. [11] let {Ma, a € [0,1] } and {M“, a € [0, 1]} two families of subsets of R
satisfies (i)—(iv) in proposition 2.1, if u and v define by

0 if v ¢ My
u(r) =

sup{a € [0,1] : z € M,} ifx e M,

1 ifv ¢ M°

1—sup{ae(0,1] : z€ M*} ifre M°

Then (u,v) € IF;.

48



Example: A Triangular Intuitionistic Fuzzy Number (TIFN) (u,v) is an intuitionistic fuzzy set
in R with the following membership function « and non-membership function v:

( T — aq .
ifa, <z <as
Gz — ag
_ as — X .
u(z) = if a; <z < as,
a3 — asg
L 0 otherwise
( a2 — X . ’
- ifa;, <x<ay
_ r—az . ’
v(z) = g ifay <z < ag,
! otherwise.

where a; < a; < ay < ag < a;. This TIFN is denoted by (u,v) = <a1, ag, as; ay, ag, aé> )

[(u, v}]a = [al + afay — a1), a3 — a(ag — az)}

[0}

[(u, v)] = [a’l + afay — a}), ay — a(ay — ag)}

On the space IF; we will consider the following metric,

doo((u,v),(z,w)> = }102121 [WWH(O‘) - [<Z’w>}j(a))
+i0i1£1 (w0)] (@) - [ew)] @)
+ioi§81 (wo)] (@)= [zw)] @
%0221 (w0)] (@ = [w)] (@

Theorem 2.1 ([11]). (IF 1 doo> is a complete metric space.

Remark 2.3.

doo<<u,v>,<u',v’>> Sl sup dH<[(u,v)L, [(u',v')]o)

0<a<l

—i—l sup dH<[(u,v)r, [(u’,vl>]a>

2 0<a<1

where dy is the Hausdorff metric defined in P,(R) by dy ([a, b][c, d]) = max{|a—c|; |b—d|}.

Definition 2.2. [12]
Let (u,v) ,(u',v")y € IF, the H-difference is the IFN (z,w) € IF, if it exists, such that

(u,v) © (U, V") = (z,w) <= (u,v) = (U, ") B (z,w)

49



Definition 2.3. Let F' : IF, — IF; be an intuitionistic fuzzy valued mapping and (u,v) € IF;.
Then F is called intuitionistic fuzzy continuous in (u,v) iff:

(Ve > 0)(36 > 0)(V (2, w) € IF1)<doo( (u, ), (z,w)) < 5) = d (F((u, ), F(<z,w>)) <e

Definition 2.4. Let F' : [a,b] — IF; be an intuitionistic fuzzy valued mapping and t, € [a,b].

Then F' is called intuitionistic fuzzy continuous in t iff:
(Ve > 0)(35 > 0) (w € [a,bsuch as | t — to |< 5) = d(F(t), F(ty)) <

Definition 2.5. ' is called intuitionistic fuzzy continuous iff is intuitionistic fuzzy continuous in

every point of [a, b].

Definition 2.6. A mapping F : [a,b] — IF is said to be differentiable at ty € (a,b) if there exist
F'(ty) € IF, such that both limits:

- A
L P+ MO F(t) L Flt) © Flty = At)
At—0+ At At—0t At

(2.3)

exist and they are equal to F'(ty) = (u'(ty), v (to)), which is called intuitionistic fuzzy derivative
of F at to. Here the limit is taken in the metric space (IF,d,). At the end points of [a,b] we

consider only the one-sided derivatives.

Definition 2.7. Let F' : [a,b] — IF; be an intuitionistic fuzzy valued mapping. Let P : [a,b] —
IF be differentiable mappings at every t € (a,b). P is said to be a primitive of F' if the intuition-
istic fuzzy derivative of P equals F for every t € (a,b), that is, P'(t) = F(t).

3 Measurability

Throughout this paper, (R, B(R), 1) denotes a complete finite measure space.
Let us Py (IR) the set of all nonempty compact convex subsets of R.

F :[a,b] — IF; is called integrably bounded if there exists an integrable function & such that
ly| < h(t) holds for any y € supp(F'(t)),t € [a,b].

Definition 3.1. we say that a mapping F : [a,b] — IF; is strongly measurable if for all o € [0, 1]
the set-valued mapping F,, : |a,b] — Py(R) defined by F,(t) = [F(t)], and F* : [a,b] —
Pr(R) defined by F*(t) = [F(t)]* are (Lebesgue) measurable, when Py(R) is endowed with the
topology generated the Hausdorff metric dy

Lemma 3.1. If I : [a,b] — IFy is continuous then it is strongly measurable.

Proof. Lete > 0 and ty € [a, b], by continuity there exists a 6 > 0 such that
deo(F (1), F(to)) < € whenever |t —ty|< 0
oo (F'(1), F(t0)) < &=
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[(F@)]F () = [F(to)]f (@) < e and [[F(D)]) () — [F(to)] ()] < ¢
hence
max (|[(F()]f (o) = [F (o) (@) [F®)]] (o) = [F(to)]; (@)]) = dn (Fa(t)a Fa(to)> <e
whenever | ¢ — ¢y |< J. So F,, is continuous with respect to the Hausdorff metric.

Therefore F,;*(U) is open, for each open U in P;(R).In the same way we show that F'* is mea-
surable. O]

Lemma 3.2. Let F' : [a,b] — IF; be strongly measurable and denote F,(t) = [)\a (1), /\“(t)] :
Fo(t) = [ua(t), ,uo‘(t)} for o € [0,1]. Then Ao, A\, fio, u are measurable.
Proof. Let a € [0, 1] be fixed. Then F,, and F'“ are measurable and closed valued.

Consequently its have a Castaing representation ([6])i.e., there exists a sequence g; of measurable
selections such that for all ¢ € [a, b,

Fo(t)={g}, |k =1,2,...}

But from the definition of F,, (), it follows that A\, = inf ¢ and A* =sup g§. In the same way we
show that u“ and u,, are measurable, which proves the lemma. ]

4 Integrability

Definition 4.1. Suppose A = [a,b], F : A — IF, is integrably bounded and strongly measurable
for each o € (0, 1] write

[/ F(t)dt} = / [F(t)],dt = {/ fdt|f : A — R is a measurable selection for Fa} :
A o« JA A

[/ F(t)dt] ) = / [F(t)]* dt = {/ fdt|f : A — R is a measurable selection for Fa} .
A A

if there exists (u,v) € IF; such that [ } [fA } and [ ] [fA ]
Va € (0,1]. Then F is called integrable on A, write (u,v) = [, F(

Remark 4.1. o If F(t) = (uy, vy) is integrable,then [ (u;,v;) = <f g, [ ve),

e [fF : [a,b] — IF; is integrable then in view of Lemma (3.2) f F'is obtained by integrating

the a-level curves, that is

1] o f ] ] = [ fr) e

Fult) = [F()]a = M0, A°(0)], F2(0) = [FOI* = |at), p2(1)] for a € [0,1]

Theorem 4.1. If F' : [a,b] — IF, is strongly measurable and integrably bounded, then F is
integrable.
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Proof. We denote M, = [ F, and M® = [ F“, Since F is strongly measurable and integrably
bounded, then due to [4] there exist two fuzzy numbers u and 1 — v such that

My={z€eR :u(x)>a} and M*={zeR :1-v(z)>a}

Then properties (i)-(iii) of lemma (2.1) are checked.
Since F, C F* = fFa - fFO‘ for all « € [0, 1], by Lemma (2.1), There exists unique
(u,v) € IF; such that [(u,vﬁ = [F~et [(u,vﬁ = [ F,, which completes the proof. [

Corollary 4.1. If F' : [a,b] — IF is continuous, then it is integrable.

Proof. F is continuous = F' is strongly measurable.
Since F" is continuous, F°(t) € Py(R) for all ¢ € [a,b] and [a, b] is compact, then Uye[, 4 F°(¢)
is compact. So F'is integrably bounded, which completes the proof. ]

Theorem 4.2. Let F' : [a,b] — IF; be integrable and ¢ € [a,b]. Then

b c b
/F:/F@/F.

Proof. Let o € [0, 1] and f be a measurable selection for F,.
Since fabf = [T+ fcb f, then we get

Lol

On the other hand, let z = f: g1+ fcb g2 where g; is a measurable selection for F,, in [a, ¢] and g5
is a measurable selection for F,, in [c, b]. Then f defined by

) o) if telad
f(t) = { g2(t) if t € |c,bl.

is measurable selection F,, in [a, b] and f: =g+ fcb g> = z hence

IERIEE TR
A=A -1

Theorem 4.3. Let F, G :[a,b] — IF, be integrable and A € R. Then

in the same way we show that

1. [(F)®Gt)dt= [Ft)a [G(t),

2. [(AF(t))dt = X [ F(t)dt,
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3. dw (F(t), G(t)) is integrable,

doo (f F(t)dt,fG(t)dt) < [ds <F(t),G(t)>dt

Proof. Let o € |[0,1], the upper and lower a-cuts of F'(t) and G(t) respectively given by
F,(t), F(t), G4(t), G*(t) are compact-convex-valued. Since the space Pk(R) can be embedded
into a Banach space and it follows from Debreu([5] that the integrals [ F,,(¢), [ F(t) ,[ Gaf
and | G“(t) are in fact Bochner integrals. Hence applying Egs. (2.1), (2.2) we obtam

/[F(t) ® G(H)], = /Fa(t) +/Ga(t)
Jirwecar = [Fo+ [

A similar reasoning yields 2.

which proves 1.

Now for 3. using Remark 2.3 we have

dOO<F(t),G(t)) g% sup dH([F(t)} ,[G(t)} )+1 sup dH([F(t)r, [G(t)]a>

0<a<l o a 2 p<a<1
(07 «

Since, sup dH<[F(t)L, [G(t)] a) and sup dH<[F(t)} : [G(t)} ) are integrable see [Theo-

0<a<l 0<a<l
rem 4.3,(iii) [8]]. Hence,d <F(t), G(t)) is integrable.
Finally, by the definition of metric d., we have

do </F(t),/G(t)) -

= g | [raie - fiewr @]+ s | [FoOLe - [eore)
) / (F@O)]; (0) - / [G(t)]f(a)‘Jrioiggl / (FO; (0) - / [G(t)]:(a)(
< g [ zoiiel/ e )
e \ g \ )
< [ g (PO @ - [G<t>]f<a>) + [ 1w (PO - {G(tnr(a)\
AT AE @]+ f 3 2 oz - @r- )
Thus,
e ( [ra. | G(t)) < [ <F<t>,G<t>>
[
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Lemma 4.1. Let A € IF, and F : [a,b] — IF, by F(s) = Aforall s € [a,b]. Then [’ F =

(b—a)A
Proof.
[/abF(S)dSL - /ab[F (8)]ads = / [Aluds — (b— a)[ Al
[/abF(s)dsr - /ab[F(s)]adS = / b[A]"‘ds = (b—a)[A)®
So

/:F(s)ds —(b-a)A

Theorem 4.4. If F' : [a,b] — IFy is continuous, then fj F is Lipschitz continuous on [a, b).

Proof. Let s,t € [a,b] and assume that t < s. Then

doe </:F(T)d7', /atF(T)dT) - doo(/:Fde/tSF(T)dT,/:F(T)dT>

< dy (/t F(r)dr, 0<1,0>(T))
< /t de (F (7), 0109 (T)) dr

Since Uye(q,) F(t) is compact, then there exists an M > 0 such that |z| < M forall z € FO(t)

and t € [a, b], this implies that d, (F(T), 01,0) (7')> < M, by Lemma4.1

([ fr) s

b] — IF; be continuous. Then for allt € |a, b| the integral G(t

E(t).

Proof. F is continuous = F' is integrable.
Lete > 0,forh > 0G(t+ h) © G(t) = tt+h F then,

d.. ( /t " Ps)as, hF(t))
d.. ( /t " plsyas, /t o F(t)ds)
/t e (F@), F(t)>

Then we have

Theorem 4.5. Let F : [a,
is differentiable and G'(t)

" (%(G(t +h) oG, F(t)) _

S= = S

IN
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Since F is continuous, then d, (%(G(t +h) © G(t)), F(t)) <e

hence }L'n%(G(t + h) © G(t))/h = F(t), and similarly }Lin% +(G(t) © G(t — h)) = F(t), which
— —

proves the theorem. O

Theorem 4.6. [7] Let ' : T — IF, be differentiable and assume that the derivative F' is
integrable over T'. Then, for each s € 'T', we have

F(s)=F(a) ® /8 F'(t)dt.

Theorem 4.7. Let F' : [a,b] — IF; be differentiable. Denote F*(t) = [F(t)]* = [Aa(t), \*(t)],
F,(t) = [F(D]a = [pa(t),u®(t)]. Then Ao(t), \(t), ua(t) and p(t) are differentiable and
[F@)]" = @), A ()], [F(t)]a = [ua(t), n*'(1)]

Proof. we prove that for /'“,and its similarly for F,.

Now [F(t +h)e F(t)] - [/\a(t ) — Aa(t), N4t + h) — /\"‘(t)],

and [F(t) o F(t - h)]a - [Aa(t) C Ot — ), N() — At — h)].

Dividing by h and passing to the limit gives the conclusion. ]

Proposition 4.1. Let F' : [a,b] — IF, and G : [a,b] — IF; be differentiable mappings. If F' and
G are both primitives of the same mapping and there exists F'(t) © G(t) for everyt € (a,b), then
F(t) = G(t) ® C, being C € IF;.

Proof. Let F(t) = G(t) & C(t), By taking the intuitionistic fuzzy derivative at both sides, we
have that F'(t) = G'(t) @ C'(t), and hence C’(t) = 01,y for every ¢ € (a,b) which implies that
C'is constant. [

Theorem 4.8. If I : [a, b] — IF, is differentiable then it is continuous.

Proof. Lett,t + h € [a,b] with h > 0.

do (F(t + h), F(t)> = dw (F(t +h) O F(), 0<1,0>>

F(t+h)o F(t)
h

< hdw F(0)) + hdoo(F'(1),0000)

where h is so small that the H-difference F'(t + h) © F(t) exists.
When h — 0 the right-hand side goes to 0 and hence F' is right continuous. The left continuity is
similarly proven. []

5 Existence and uniqueness

In this section we consider the initial value problem for the intuitionistic fuzzy differential equa-
tion
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{ ' (t) = f(t,z(t)) (5.1)

2(to) = (ury (), vio (1))

where = € IF; is unknown, I = [to,T] and f : [ x IF; — IF;.
Denote by C'(1,IF;) the set of all continuous mappings from / to IF;.
Defining the metric

D(J.9) = sup (100900

tel
with f(t) = (f1, for) et g(t) = (g1, Go.t)-
Theorem 5.1. (C(I,1F,), D) is a complete metric space.

Proof. Let (f,), be a sequence of Cauchy in (C(I,IF,;), D) then, ¥e > 0 there exists N € N
such that Vn,q € N, n,q > N = D(f,, f,) <¢

ieVn,g € N, n,q > N = supds(fu(t), f4(t)) <€

which implies that 3N € N ,tEVIn,q eEN,Vtel, ng>N=du(fult), f(t)) <e.

Since (IF;,d) is a complete metric space then, there exists f(t) € IF;, V¢ € [ such that
doo(fn(t), f(t)) — 0 as n — +oo. Thus, D(f,, f) — 0asn — +oo.

It remains to prove that f € C(I,IF;),soVn € N, Vit tg € I ; we have

doo(f (1), f (o)) oo (f(£), fn (1)) + doo(fn(t), fn(t0)) + doo(fn(to), f(t0))

D(f, fn) + doo(fu(t), fu(t0)) + doo(fn(to), f(t0))

for sufficiently large n and ¢ belongs to the neighborhood of ¢y. So f € C(I,IF,). O

<
<

Definition 5.1. = : [ — [IFy is a solution of the initial value problem (5.1), if and only if it is

continuous and satisfies the integral equation

x(t) = x(to) @/t f(s,z(s))ds, forall te€l.

Denote by C'(I x IF;,IF;) the set of all continuous mappings from I x IF; to IF,

Theorem 5.2. Assume that f € C(I x IFy,IF,) and there exists a constant k > 0 such that

IS (s, () (@) = [f (s, () (@) < klfe(s)]] (@) = [y(s)]] ()]
£ (s, ()] (@) = [f (s, 9 (@) < Kl[z(s)] (@) = [y(s)]] ()]
£ (s, ()] (@) = [f(s,9(s))]; (@) < Kl[z(s)], (@) = [w(s)]; ()]
|[F (s, ()i (@) = [F(s,9(s))l (@) < Kl[z(9)]; (@) = [w(s)l; ()]

with k(T — t9) < 1, forall s € I,x,y € IFy. Then the problem (5.1) has an unique solution on
1.
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Proof. For x € C(I,1F;), we define Pz on I by the relation

Pz(t) = x(to) @/t f(s,z(s))ds

we put p(t) = Px(t + h) and ¢ (t) = Px(t)

we have
D(p,0) — D(;c(to)@/t:+hf(s,x<s))ds,x(to)@/t:f(s,x(s))ds)
_ D(/t:Jrhf(s,x(s))ds,/t:f(s,x(s))ds)
~ swpd. </t:+hf(s,x(s))ds,/t:f(s,m(s))ds)
Then

D) =sp {5 s | [ sl @)ts = [ 1ol s

ter | 4 0<a<1

1
+- su
4 0<a21

/t:+h[f(s,x(8))]z+(a)ds B /t:[f(s,x(s))]j(a)ds‘

+3 s | [ UGt s [ ool (@)
# 3o | [ U @ [ sl @]
Then
Do) =sup {5 s | [ 16wt @ts| + 5 sup | [ 6. a(o) |
+3 s | [ 1 a @] + 3 s | [ 5620 @] |

when h — 0, D(p, 1) — 0. Therefore Pz € C(I,IF;).
Now, let x,y € C(/,IF;) we have

D(pepy) = D(slte)e /t:f<s,x<s>>ds,x<to>@ /t:f(s,y(s))d8>

- () ff<s,x<s>>ds, /t:f(s,y(8>)d8)

~ supd. ( /t: F(s,2(s))ds, /t: f(s,y(s))ds)
< s [ e (765690 55D s

tel
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We get

t
1
D(Px, Py) gsup/ {— sup
to

(s, 2()]F (@) = [F syl ()]

45 s [[F(s, 26 (@) = s 95 (0]
4 s [[F(s,2(6))); (@) = s 9(5); (0]
1 _ _
5 s LG ] @) o )  ds

Then

1
D(Pzx, Py) < sup(t — to) {— sup sup

tel O<a<l tg<s<t

[F(s. 2] (@) = [F(s y(5)] ()]

1

47 s sup [[f(s. 2] (@) = (s ()] (o)
*i s sup [[f(s x(9)]; () - £ (s, 5(3)]; ()

(sl (@) = s (6Dl )|

1
+ — sup sup
4 0<a<l tp<s<t

1
D(Pzx, Py) < (T —ty) sup {— sup

sel 0<a<l

[F (s, 2()JF (@) = [£ (5, y(s))]i ()]
1

g sup [/ als) (@) = s, (s (@)
*zlxoi‘;% £ (s, 2()]; (@) = [£(5, ()]s ()]
b1 s [ ol @) = (sl (@)

D(Pz, Py) <

os)7 (@) = (s)} ()] +  sup.

< k(T — to) sup {1 sup (2()F (@) — [y(s)]

sel 0<a<l1

1
+ - su
4 O<o¢I§)1

(o) (@) - s (@)

s); (@) o)y (@)] +  sup.

Therefore D(Pzx, Py) < k(T — to)D(z,y).
The contraction mapping principle assures that there exists an unique fixed point of P.
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6 Solving intuitionistic fuzzy differential equations

In this section we give a procedure to solve the intuitionistic fuzzy differential equations

{ #(t) = f(t,2(t)) .
2(to) = {usy (), v () |
Denote
)] =[O (@), =) ()]
2] = [ (@), (1)) ()]
[(to)] = [l2to)]i (@), [a(to)]} ()]
(o))" = [[2t)) (@), [o(to)]; ()]
Fta®)] = [o(t eI (@) kO @), bt 2O (@), O] ()]
)] = (B RO @ BO) @), bt RO (), 0] (@)]
and proceeded as follows
1. solve the system
2 O] (@) = g (& O] (@), O (@) 5 =) ()
2 @) (@) = A6 (@), PO (@) ¢ [#(t)]; (@)
2 O] (@) = (L0 (@), 2] (@) 5 =) (@)
|2 (0 (@) = k(4 [2(0)]; (@), @] (@) ¢ [o(to)]; (@)
2. Denote |[o(t)]f (@), [(®)}f ()| = Ma, |[(®)]} (o), ()] (a)] = M®
and
@O (@), O] (@)] = Me [ @) (@), [ (0] ()] = M.
ensure that ( M,, M* ) and (M, M' ) verifying (i) — (iv) of lemma (2.1).
3. using lemma (2.1), there exists (u,v) € IF; such that (u,v) = z(t).
7 Example
Consider the problem
{:U(t)—i—x(t):a(t) t>0 o
x(0) = xg '



where xg = <—1, 0,1; —%, 0, %> and o(t) = 2exp(—t)xg
If the conditions of Theorem 5.2 are satisfied, then the problem has a unique solution.
We get the differential system

([ (D) (@) + [2(1)]] (@) = 2(a — Dexp(—) , [2(0)]f (a) =a —1
[ ()] (@) + [z(®)]F (o) = 2(1 = a)exp(=t) , [2(0)]f(e) =1 -«
[ (6)]; (@) + [z(®)]; (@) = 3(ar = Dexp(=t) , [2(0)]; (@) = (e = 1)
L[z (1)) (@) + [z(®)]5(a) = 3(1 —a)exp(=t) , [2(0)]5(e) = 3(1 - a)
we get
[z(t)]; (@) = (o — 1) exp(—t)(1 + 2t)
[z()] (@) = (1 — @) exp(—t)(1 + 2t)
[z ()] (@) = (8t + 5) (e — 1) exp(=t)
[2(®)]; (@) = (3t + 5)(1 — a) exp(~2)
Therfore
[x(t)] = [(a 1)1+ 28) exp(—t), (1 — a)(1 + 2t) exp(—1)

[x(t)]a - [(a ~1)(3t+ g) exp(—t), (1 — a)(3t + g> exp(—t)]

We see that [2(£)] (a) < [2(t)]; () and [z(8)]; (@) < [(t)]; (a) only if ¢ > —1

r

also,
[ ()] (@) = (@ = 1)(1 = 2t) exp(—t) < [ ()]} () = (1 — a)(1 — 2t) exp(—t)

and

only if t < %
Moreover, we observe that [a:(t)} - [x(t)] forall a € [0, 1].

So, x(t) define an unique intuitionistic fuzzy solution to the problem (7.1) on the interval [O, %] :
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